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Chapter 4


Probability


J.B.’s strongly suggested exercises: 2, 4, 5, 6, 7, 8, 14, 16, 17, 21, 26, 30, 35, 39, 43, 49,
57, 61


4.1 Introduction


4.2 Basics of Probability


4.2.1 Sample Spaces and Sample Points


1. Two cards are drawn without replacement from a well-shuffled deck.


(a) What is the sample space of this experiment?
(b) What are the the sample points? How many sample points are there?
(c) Are the sample points equally likely?
(d) What is the probability of getting a pair of twos?


2. Two balanced six-sided dice are rolled, and the numbers that come up are recorded.


(a) What is the sample space of this experiment?
(b) What are the the sample points? How many sample points are there?
(c) Are the sample points equally likely?
(d) What is the probability of rolling a sum of 2? (Rolling two dice such that the


sum of the values on the up face is 2.)
(e) What is the probability of rolling a sum of 7? (Rolling two dice such that the


sum of the values on the up face is 7.)


35
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4.3 Rules of Probability


4.3.1 The Intersection of Events


4.3.2 Mutually Exclusive Events


4.3.3 The Union of Events


4.3.4 Complementary Events


Questions for the intersection of events, mutually exclusive events, the union of
events, and complementary events:


3. For each of the following events, draw a Venn diagram and shade the region that
represents it.


(a) A ∪Bc


(b) A ∩Bc


(c) Ac ∪Bc


(d) Ac ∩Bc


(e) (A ∪B)c


4. Suppose P (A) = 0.6, P (B) = 0.3, and P (A ∩B) = 0.2.


(a) What is P (Ac)?
(b) What is P (A ∪B)?
(c) What is P ((A ∪B)c)?
(d) Are A and B mutually exclusive?
(e) Are Ac and Bc mutually exclusive?


5. The following table gives the distribution of blood types in Canada.1


A B AB O
Rh positive 0.36 0.076 0.025 0.39
Rh negative 0.06 0.014 0.005 0.07


Table 4.1: Proportions of Canadians with different blood types. Every person falls into
one and only one of these 8 categories.


Suppose we randomly select a Canadian. Consider the following events:
1As given on the Canadian Blood Services website. Accessed January 9, 2014.



http://www.bloodservices.ca/CentreApps/Internet/UW_V502_MainEngine.nsf/page/Blood%20Types%20and%20Rh%20System?OpenDocument
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A: The person has blood type A.
B: The person has blood type B.
C: The person has blood type AB.
D: The person has blood type O.
E: The person is Rh positive.


(a) Symbolically, what is the event that the person has type O negative blood?
(If a person has type O blood and a negative Rh factor, it is said that they
have type O negative blood.) What is the probability of this event?


(b) What is the probability the person has blood type O or a positive Rh factor?
(c) Which pairs of events are mutually exclusive?
(d) A person with A negative blood can receive a blood transfusion from someone


who also has type A negative blood, or from someone who has type O negative
blood. In symbols, what is the event that a randomly selected Canadian can
donate to someone with type A negative blood? What is the probability of
this event?


Conditional Probability


Independent Events


Questions for conditional probability and independent events:


6. Suppose P (A) = 0.60, P (B) = 0.20 and P (A ∪B) = 0.65.


(a) What is P (A ∩B)?
(b) What is P (A|B)?
(c) What is P (B|A)?
(d) Are A and B independent?


7. A balanced six-sided die is about to be rolled once.


• Let A be the event that the number on the top face is greater than or equal
to 4.


• Let B be the event that the number on the top face is even.
• Let C be the event that the number on the top face is a 6.


(a) What is P (B|C)


(b) What is P (C|B)


(c) What is P (C|Bc)


(d) What is P ((B ∩ C)|A)?
(e) Which, if any, of the 3 pairs of events (A,B), (A,C), (B,C) are independent?
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The Multiplication Rule


8. Cards are drawn without replacement from a well shuffled deck.


(a) If two cards are drawn, what is the probability both cards are hearts?
(b) If two cards are drawn, what is the probability both cards are fives?
(c) If four cards are drawn, what is the probability all four cards are hearts?


9. Two balanced six-sided dice are rolled. (The rolling is done in such a fashion that
different rolls can be considered independent.)


(a) What is the probability both dice have a four on the up face?
(b) What is the probability that an even number is rolled on the first die, and a


number greater than four is rolled on the second?


4.4 Examples


10. If P (A) = 0.80, P (B) = 0.40, and P (B|A) = 0.25, what is P (A|B)?


11. Suppose we know the following about events A, B, and C:


P (A) = 0.42, P (B) = 0.44, P (C) = 0.40


P (A ∩B) = 0.16, P (A ∩ C) = 0.20, P (B ∩ C) = 0.12


P (A ∩B ∩ C) = 0.04


(a) Draw a Venn diagram and fill in the appropriate probabilities.
(b) What is P (A ∪B)?
(c) What is P (A ∪B ∪ C)?
(d) What is P (A|B ∩ C)?


12. The following table is based on a 2009 poll in the U.S., in which 1000 randomly
selected adults were asked if they approved or disapproved of the way Barack Obama
is handling his job as president.


Republicans Democrats Independents
Approve 60 361 139


Disapprove 270 49 121


(a) If a person is randomly selected from this group of 1000, what is the probability
they are Republican?
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(b) What is the probability they said they approve of the way Obama is handling
his job?


(c) Given a randomly selected person is Republican, what is the probability they
approve?


13. Consider the Venn diagrams shown in Figure 4.1. For each plot, assume that the
area of the square is 1, and that the area of each region is equal to its probability
of occurring. The smaller circle represents event A, and the larger circle represents
event B.


(a) (b)


(c) (d)


Figure 4.1: Venn diagrams for Question 13.


(a) One of the plots was created for the situation where A and B are independent.
Which one is it?


(b) For each plot, state whether P (A|B) = P (A), P (A|B) > P (A), or P (A|B) <
P (A).


4.5 Bayes’ Theorem


14. An airport security official tests an experimental electronic sniffing device that can
detect explosive materials. All passengers are scanned by this device, which sounds
an alarm if it detects explosive material. The device is not perfectly reliable. It will
falsely sound an alarm 2% of the time if the person being scanned is not carrying
explosive material It will also fail to sound an alarm 8% of the time if the person
being scanned is carrying explosive material.
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Assume that 1 in 10,000 passengers carries explosive material. If the device scans
a randomly selected passenger:


(a) What is the probability the alarm sounds?
(b) If the alarm sounds, what is the probability the person is actually carrying


explosive material?


15. A small regional airport is serviced by 2 commercial airlines. Caribou Air accounts
for 65% of commercial flight arrivals. Arrivals from this airline are late 22% of the
time. Polar Express Air accounts for 35% of commercial flight arrivals. Arrivals
from Polar Express Air are late 42% of the time.


(a) If a commercial flight arrival is randomly selected, what is the probability it
is late?


(b) Given a randomly selected commercial flight arrival is late, what is the prob-
ability the flight is a Caribou Air flight?


4.6 Counting rules: Permutations and Combinations


16. (a) At the start of a Texas holdem poker hand, each player is dealt two cards from
a standard 52 card deck. How many possible two-card hands are there?


(b) At the start of a five card draw poker hand, each player is dealt five cards from
a standard 52 card deck. How many possible five-card hands are there?


(c) What is the probability of being dealt a flush (5 cards all of the same suit) in
five card draw? (In this question, any hand in which all 5 cards are the same
suit is considered to be a flush. In poker, straight flushes are considered to be
distinctly different from a flush, but they are a flush for the purposes of this
question.)


17. Suppose we are about to draw a simple random sample of 4 students from a class
of 200.


(a) How many different samples are possible?
(b) What is the probability that any one of the individual 200 students gets se-


lected in the sample?


18. (a) A committee of 5 people is about to be drawn from a group of 25 faculty. How
many different groups of 5 people can be chosen for the committee?


(b) A bussing company needs to assign bus drivers to 7 different routes. There are
30 bus drivers to choose from. How many different ways are there of assigning
7 bus drivers to the different routes?
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4.7 Probability and the Long Run


19. Tom and Pete are wasting time by repeatedly betting $1 on each toss of a fair coin.
If the coin comes up heads, Tom wins $1. If the coin comes up tails, Pete wins $1.
Which of the following statements are true?


(a) The proportion of times heads has come up will tend toward 0.5 as the number
of tosses tends to infinity.


(b) The amount of money the losing player owes the winning player will tend to
0 as the number of tosses tends to infinity.


(c) The probability they are exactly even after 1,000,000 tosses is greater than the
probability they are exactly even after 10 tosses.


4.8 Chapter Exercises


4.8.1 Basic Calculations


20. Suppose P (A) = 0.30, P (B) = 0.80, and P (A ∩B) = 0.125.


(a) What is P (A ∪B)?
(b) What is P ((A ∪B)c)?
(c) What is P (A|B)?
(d) What is P (B|A)?
(e) Are A and B independent?
(f) What is P (Ac ∪B)


21. Suppose A and B are two events such that P (A) = 0.5, P (B) = 0.2 and P (A∪B) =
0.68.


(a) What is P (A ∩B)?
(b) What is P ((A ∪B)c)?
(c) What is P (A|B)?
(d) What is P (B|A)?
(e) Are A and B independent?
(f) What is P (Ac ∪Bc)


(g) What is P (Ac ∩Bc)


22. Suppose P (A) = 0.2, P (B) = 0.2, P (A ∩ B) = 0.2. Which of the following
statements are true?


(a) A and B are mutually exclusive.
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(b) A and B are independent.
(c) P (A|B) = 0.
(d) P (A|B) = 1.
(e) A and Bc are not independent.
(f) P (A ∪B) = P (A ∩B).
(g) P (A|B) = P (B|A).


23. Suppose a random sample of 100 students who have taken both course A and course
B yielded the following:


Passed Course B Failed Course B
Passed Course A 71 19
Failed Course A 2 8


(a) If one of these students is randomly selected, what is the probability they
passed course A?


(b) If one of these students is randomly selected, what is the probability they
passed course A, if we know the student passed course B?


(c) If one of these students is randomly selected, are the events the student passed
course A and the student passed course B independent?


24. Suppose P (A) = 0.4, P (B) = 0.7, and the probability that A and B both occur is
0.2.


(a) What is P (A|(B ∪A)c)?
(b) What is P (A ∩B|A ∪B)?


25. A balanced six-sided die is rolled once.


(a) What is the probability of rolling an even number on the top face?
(b) What is the probability of rolling a 3?
(c) What is the probability the number on the top face is a 3, given it is an even


number?
(d) What is the probability the number on the top face is at least 4, given it is an


even number?
(e) Are the events the number on the face is even and the number on the face is


more than 3 independent?
(f) What is the conditional probability the number on the face is 2 or less, given


the number is at least 4?
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4.8.2 Concepts


26. Probabilities are often expressed in terms of odds. For example, we might say that
the odds in favour of an event are 2:7 or that the odds against an event are 6:1.
The odds in favour of an event is a ratio of two whole numbers that represents the
ratio of the probability of the event to the probability of its complement. The odds
against an event switches the order of the numbers (odds against represents the
ratio of the probability of the event’s complement to the probability of the event).
For example, suppose we are about to roll a fair die once and we are hoping to roll
a 2 (which has a probability of 1


6). The odds in favour of rolling a 2 are 1:5. (On
average, for every 2 that we roll, we will roll a different number 5 times.) The odds
against rolling a 2 are 5:1.


(a) Suppose we are about to roll a single die once. What are the odds in favour
of rolling a 5 or a 6? What are the odds against rolling a 5 or a 6?


(b) Suppose we are about to draw a single card from a well-shuffled deck. What
are the odds in favour of drawing a jack? What are the odds against drawing
a jack?


(c) If the odds in favour of an event are a:b, then on average, for every a occur-
rences of the event, the event will not happen b times, and thus the probability
of the event is a


a+b . If the odds in favour of an event are 5:3, what is the prob-
ability of this event?


(d) If the odds against an event are 19:1, what is the probability of the event?


27. The following two identities are called De Morgan’s laws, and they frequently arise
in probability and logic. Verify these identities using Venn diagrams.


(a) (A ∪B)c = Ac ∩Bc


(b) (A ∩B)c = Ac ∪Bc


28. We have already been introduced to the addition rule for two events: P (A ∪B) = P (A) + P (B)− P (A ∩B).
Use an argument based on Venn diagrams to come up with the addition rule for
three events. That is, express P (A ∪ B ∪ C) in terms of the probabilities of A, B,
and C and the probabilities of their intersections.


29. Which one of the following statements is true? (Assume for the purposes of this
question that the events have non-zero probabilities of occurring.)


(a) Mutually exclusive events can be independent.
(b) Mutually exclusive events are always independent.
(c) Independent events are never mutually exclusive.
(d) Independent events are always mutually exclusive.


30. Which of the following statements are true? (There may be more than one true
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statement; check all that are true.)


(a) If P (A) = 0.30 and P (B) = 0.30, then P (A ∩B) = 0.09.
(b) If P (A) = 0.30 and P (B) = 0.30, and P (A ∪ B) = 0.60, then A and B are


independent.
(c) If P (A) = 0.50, and the probability that B occurs given A occurs is 0.50, then


P (A ∩B) = 0.25.
(d) If P (A) = 0, then A is independent of any event.
(e) If P (B|A) = 0.80, then P (B) > 0.80.


31. Which of the following statements are true? (There may be more than one true
statement; check all that are true.)


(a) If P (A) = 0.6, P (B) = 0.7, then 0.3 ≤ P (A ∩B) ≤ 0.6.
(b) If P (A) = 0.5, then for any event B: 0 ≤ P (A ∩B) ≤ 0.5.


(c) If P (A|B) = 0, then A and B are mutually exclusive.
(d) Suppose that P (A) = 0.99. Event A and its complement are mutually exclu-


sive and independent.
(e) If P (A|B) 6= P (B) then A and B are not independent.


32. Two events A and B are mutually exclusive. If P (A) = 0.5 and P (B) = 0.3, are A
and B independent?


33. Suppose a fair coin is tossed twice, in such a fashion that the two tosses are inde-
pendent. Let A be the event that heads comes up on the first toss, and B be the
event that heads comes up on the second toss. Which of the following 3 pairs of
events represent independent events.


(a) A and B
(b) A and Bc


(c) A and Ac


34. Consider the diagrams shown in Figure 4.2. For each plot, assume that the area
of the square is 1, and that the area of each region is equal to its probability of
occurring. For which plots, if any, are A and B independent?


35. Suppose we randomly select a Canadian adult. Let A be the event that the person
is male. Let B be the event that the person weighs more than 100 kg. Which of
the following statements are true?


(a) P (A|B) < P (A).
(b) P (B|A) < P (B).
(c) A and B are mutually exclusive.
(d) A and B are not independent.
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A∩B A∩Bc


Ac∩B Ac∩Bc


(a)


A∩B A∩Bc


Ac∩B Ac∩Bc


(b)


A∩B A∩Bc


Ac∩B Ac∩Bc


(c)


A∩B A∩Bc


Ac∩B Ac∩Bc


(d)


Figure 4.2: Venn diagrams for Question 34.


36. For the following pairs of events, state whether P (B|A) = P (B), P (B|A) > P (B),
or P (B|A) < P (B).


(a) For your current location:
A: It rains on Tuesday of next week.
B: It rains on Wednesday of next week.


(b) For your current location:
A: It rains on Tuesday of next week.
B: It rains on the day that is 10 years from today.


(c) For a randomly picked Canadian adult:
A: The person did not finish high school.
B: The person has been to prison.


37. Two inspectors, A and B, work side by side at a factory. Their jobs involve in-
specting the quality of each part that is produced and giving each part a pass or
fail rating. They both just started the job, and are both very lazy. They decide
to randomly choose between passing and failing each part. For each part, one of
them tosses a coin twice and they both make their decisions based on these 2 tosses.
Inspector A passes the part if the first coin comes up heads and fails it otherwise.
Inspector B passes the part if heads come up exactly once and fails it otherwise.
Consider the events:


A: Inspector A passes the part. B: Inspector B passes the part.
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(a) Are A and B mutually exclusive?
(b) Are A and B independent?


38. Daniel has to do an online assignment for one of his classes. The assignment consists
of 20 multiple choice questions, where there are 5 answer options for each question.
Daniel knows nothing about the material, and if he were to do the assignment on
his own he would guess randomly on each question. Daniel’s friend Magnus has an
80% chance of getting a passing grade on the assignment. (Magnus works a little
harder than Daniel.) Daniel is tempted to cheat on the assignment by copying his
friend Magnus’s answers, but Daniel doesn’t like cheating, and he knows that the
university considers cheating on an assessment to be a serious case of academic
misconduct. Daniel is torn between cheating and doing the assignment on his own,
so he elects to let the fates decide. He will toss a coin once, and if it comes up
heads he will copy every answer off his friend Magnus. If the coin comes up tails,
Daniel will do the assignment himself, guessing at every answer.


(a) Estimate the probability that Daniel passes the assignment. (We haven’t
learned how to calculate the exact probability of this yet, but using a sim-
ple argument we should be able to come pretty close.)


(b) Are the events Daniel gets a passing grade on the assignment and Magnus gets
a passing grade on the assignment mutually exclusive?


(c) Are the events Daniel gets a passing grade on the assignment and Magnus gets
a passing grade on the assignment independent?


39. Test your conceptual understanding: Which of the following statements are true?
You should be able to explain why a statement is true or why a statement is false.


(a) Probabilities can be negative.
(b) For any two events A and B, P (A|B) > P (A).
(c) If A and B are independent, then P (A|B) = 0.
(d) If two cards are drawn from a standard deck, the probability both cards are


red is greater if the cards are drawn with replacement than if they were drawn
without replacement.


(e) If two events A and B are independent, then their complements (Ac and Bc)
are also independent.


(f) If A and B are mutually exclusive, then P (A|B) = 0.


40. Test your conceptual understanding: Which of the following statements are true?
You should be able to explain why a statement is true or why a statement is false.


(a) If P (A) = P (B), then A and B are independent.
(b) If P (A) > P (B), then P (A|B) ≥ P (B|A).
(c) If A and B are independent, then P (A ∪B) = P (A) + P (B).
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(d) If A and B are mutually exclusive, then P (A ∪B) = P (A) + P (B).
(e) If P (A|B) = 1, then P (B|A) = 1.


4.8.3 Applications


41. In a 2008 study that was picked up by major news networks, two Manhattan
teenagers investigated whether restaurants and grocery stores that served sushi
were mislabelling the fish that was used. They sent samples to the University of
Guelph for analysis, and found that 25% of the fish samples that could be geneti-
cally identified were mislabelled. Often, cheaper fish was served instead of a more
expensive variety. Assume for the purposes of this question that a randomly se-
lected sushi dish (that contains fish) at a randomly selected restaurant has a 25%
chance of having mislabelled fish.


(a) Suppose you go to a randomly selected sushi restaurant. You order 4 randomly
selected types of sushi (the fish variety). Assuming independence, what is the
probability that you get at least one piece that is mislabelled?


(b) True or False? The independence assumption in the previous question is per-
fectly justified.


42. Suppose a group of 50 students is made up of 20 males and 30 females. Twenty five
of these students have part time jobs. 15 of the males do not have a job. Suppose
one of these 50 students is randomly selected.


(a) What is the probability they do not have a job?
(b) What is the probability they are a male that does not have a job?
(c) If they have a part-time job, what is the probability they are male?
(d) If they are a female with a job, what is the probability they are male?
(e) For these 50 students, is job status independent of gender?


43. Is there a relationship between education and smoking status among French men? A
study2 measured several variables on 459 healthy men in France who were attending
a clinic for a check up. Table 4.2 gives the results of the study. Suppose one of
these 459 men is randomly selected.


(a) What is the probability the man is a smoker?
(b) What is the probability the man has a university education?
(c) Given the man is a smoker (moderate or heavy), what is the probability that


he has a university education?
2Marangan et al. (1998). Diet, antioxidant status, and smoking habits in French men. American Journal
of Clinical Nutrition, 67:231–239.
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Nonsmoker Ex-smoker Moderate Heavy
Primary School 56 54 41 36


Secondary School 37 43 27 32
University 53 28 36 16


Table 4.2: Smoking status and level of education for 459 French men.


(d) Given the man is a smoker (moderate or heavy), what is the probability that
he has at least a high school education?


(e) Given the man is a nonsmoker, what is the probability that he has less than
a high school education?


(f) Given the man has only a secondary school education, what is the probability
that he is a smoker?


(g) Given the man has at least a secondary school education, what is the proba-
bility that he is a smoker?


(h) Are they events the man has a university education and the man is a smoker
independent?


(i) Are they events the man has a university education and the man is a smoker
mutually exclusive?


44. Is there a relationship between fatty fish consumption and the rate of prostate
cancer? A study3 followed 6272 Swedish men for 30 years. They were categorized
according to their fish consumption, and to whether they developed prostate cancer.
The following table summarizes the results. Suppose one of these 6272 men is
randomly selected.


Fish consumption
Never/Seldom Small Moderate Large


Prostate cancer 14 201 209 42
No prostate cancer 110 2420 2769 507


(a) What is the probability their fish consumption was large?
(b) What is the probability their fish consumption was small, moderate, or large?
(c) What is the probability they got prostate cancer?
(d) What is the probability they got prostate cancer, given their fish consumption


was never/seldom?
(e) What is the probability they got prostate cancer, given their fish consumption


was large?
(f) What is the probability their fish consumption was large, given they got


prostate cancer?
(g) What is the probability they got prostate cancer, given their fish consumption


3Terry et al. (2001). Fatty fish consumption and risk of prostate cancer. Lancet, 357:1764–1766.







Balka ISE 1.09 4.8. CHAPTER EXERCISES 49


was small or moderate?


45. The breakdown of male and female full-time undergraduate students at the Univer-
sity of Guelph, University of Waterloo, and Wilfrid Laurier University in the fall
semester of 2009 is given in Table 4.3.


University Male Female Total
Guelph 6,366 10,417 16,783
Waterloo 13,770 10,607 24,377
Laurier 4,803 6,254 11,057
Total 24,939 27,278 52,217


Table 4.3: Undergraduate enrolment in the fall semester of 2009.


If one of these 52,217 students is randomly selected:


(a) What is the probability they attended the University of Guelph that semester?
(b) What is the probability they are female?
(c) What is the probability they attended the University of Guelph, given they


are female?
(d) What is the probability they are female, given they attended the University


of Guelph?
(e) What is P (F |G∪Lc), where F represents the event that the randomly selected


student is female, G represents the event that the randomly selected student
attended the University of Guelph that semester, and L represents the event
that the randomly selected student attended Wilfrid Laurier University that
semester?


46. A restaurant conducts a survey of customers as they are leaving. The following
table gives a summary of the results.


Dining experience was good Dining experience was not good
Men 23 7


Women 17 18


(a) If one of these 65 customers is selected at random, what is the conditional
probability the dining experience was good, given they are male.


(b) If one of these 65 customers is selected at random, what is the conditional
probability they are a man, given they are a woman.


(c) If one of these 65 customers is randomly selected, are the events the customer
is a man and the dining experience was good independent?


(d) Are the events the customer is a man and the customer is a woman indepen-
dent? Are they mutually exclusive?
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47. A student is worried about sleeping in and missing their final exam, so they set two
battery powered alarm clocks. The probability the first alarm will go off is 0.99,
and the probability the second alarm will go off is 0.98. Assume that these clocks
work independently. (Independence might be a sketchy assumption in this spot,
but let’s go with it.)


(a) What is the probability that both alarms go off?
(b) What is the probability that neither alarm will go off?
(c) What is the probability that at least one alarm goes off?
(d) Which one of the above is the most important question, given the nature of


the problem?


48. Two cards are drawn with replacement from a standard deck.


(a) What is the probability that both cards are kings?
(b) Given there is at least one king drawn, what is the probability both cards are


kings?
(c) What is the probability that exactly one card is red?
(d) What is the probability that at least one card is red?
(e) What is the probability at least one card is a king, and at least one card is


red?


49. Two cards are drawn without replacement from a standard deck.


(a) What is the probability that both cards are kings?
(b) Given there is at least one king drawn, what is the probability both cards are


kings?
(c) What is the probability that exactly one card is red?
(d) What is the probability that at least one card is red?
(e) What is the probability at least one card is a king, and at least one card is


red?


50. Mateo is both rich and a horrible driver. He is going to drive to a convenience store
to buy cigarettes, and he must decide which one of his two cars he will take. He
decides to flip a fair coin twice, and if it comes up heads both times he will take his
Ferrari, and otherwise he will take his Lexus. If he takes his Ferrari he has a 0.08
probability of getting into an accident. If he takes his Lexus, the probability that
he gets into an accident is 0.04.


(a) What is the probability that Mateo gets into an accident?
(b) Given he takes his Ferrari, what is the probability that he gets into an accident?
(c) Given he gets into an accident, what is the probability he took the Ferrari?


51. At a certain gas station, 80% of the people buy regular gas, 5% buy midgrade, and







Balka ISE 1.09 4.8. CHAPTER EXERCISES 51


15% buy premium. Suppose if a randomly selected person pumps regular gas, there
is a probability of 0.02 that they leave without paying. If they pump midgrade, the
probability is 0.04, and if they pump premium the probability is 0.14.


(a) For a randomly selected gas pumper, what is the probability they leave without
paying?


(b) If they leave without paying, what is the probability that they pumped pre-
mium gas?


52. You need to buy a part from a supplier. The supplier has 3 different sources for
this part. The supplier will get the part from Source A with probability 0.55, from
Source B with probability 0.35, and from Source C with probability 0.10. If the
part comes from Source A, there is a 40% chance it will last for a year. If the part
comes from Source B, there is an 90% chance it will last for a year. If the part
comes from Source C, there is a 55% chance it will last for a year. You order a part
from the supplier.


(a) What is the probability the part lasts for a year?
(b) Given the part lasts for a year, what is the probability that it came from


Source A?


53. In sample surveys with sensitive questions, respondents are likely to lie, and thus
the survey results would not reflect reality. (For example, it may be difficult to get a
truthful answer to the question, “have you ever fantasized your spouse was dead?”)
One way to combat this effect is to implement a randomized response survey.
For example, in a telephone survey an individual may be told to toss a coin before
responding. If the coin comes up heads, they should respond “Yes”, regardless of the
truth. If coin comes up tails they should tell the truth. Incorporating a randomized
response adds a level of variability to the responses, which is undesirable. But
respondents may be more willing to answer truthfully, since the person on the
other end of the telephone will not know if the respondent is telling the truth, or if
they responded that way simply because the coin fell a certain way.


(a) Suppose that in reality, 20% of a population has stolen from their employer.
What is the probability a randomly selected person from this population re-
sponds “Yes” to the question “Have you stolen from your employer?” (Assuming
the person follows the directions given above.)


(b) Assume again that 20% of a population has stolen from their employer. If a
randomly selected person responds “Yes”, what is the probability they have
stolen from their employer?


(c) Suppose the probability that a person has stolen from their employer is not
known (which is typically the case). If 67% of the respondents answer “Yes”
to the question, what is the best estimate of the proportion of individuals who
have stolen from their employer?
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54. Participants in a survey were asked to use a randomized response to the question
“have you ever cheated on your spouse?” They were asked to roll a die, and if the die
came up with a 5 or a 6 they were to tell the truth. If the die came up with a 1, 2,
3, or 4 they were to answer “yes”, regardless of the truth. If 82% of the respondents
answer “yes” to the question, what is the best estimate of the proportion of these
people who have actually cheated on their spouse?


55. In a certain population of mice, each mouse has a one-in-a-thousand chance of
having a specific genetic disorder. You intend to sample mice and check to see if
they have this disorder. Suppose that the test for this disorder works perfectly, and
the mice can be considered independent.


(a) If you sample 30 mice, what is the probability that none of them have the
genetic disorder?


(b) What is the probability that more than 500 mice will be sampled before finding
the first mouse with the disorder?


(c) How many mice would need to be sampled before there is at least a 50% chance
of finding at least one with the disorder?


56. You have an expensive system that relies on an important component. This com-
ponent has a probability of failure of 0.32. You feel this probability is much too
high, and you have designed a system in which you can install as many independent
components as you like. The system connects these devices in parallel, so if at least
one of them works the system works.


(a) If you connect 4 of these components in parallel, what is the probability of
failure of the system?


(b) What is the smallest number of these components that you would have to
connect in parallel for the probability of failure to be less than 0.0001?


57. An important satellite guidance system relies on a very fragile component that has a
0.77 probability of failure. Since this failure probability is very high, designers want
to put in independent back-up components (each of these also has a probability of
failure of 0.77). They wish to connect them in parallel such that the guidance
system works as long as at least one of the components works.


(a) If you connect 5 of these components in parallel, what is the probability the
system fails?


(b) If you connect 10 of these components in parallel, what is the probability the
system fails?


(c) What is the smallest number of components that must be connected in order
for the probability the system works to be at least 0.99990?


58. You intend to do research into people with a certain rare genetic marker. The
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probability a randomly selected person has the marker is 0.0001. You need people
with the marker for your experiment. Assume that you can randomly sample people
from the population.


(a) What is the probability the first person with the marker occurs on the 2nd
person sampled?


(b) What is the probability the first person with the marker occurs on the 10th
person sampled?


(c) What is the probability that the first person with the marker occurs on or
before the 2,000th person sampled?


59. A large art museum has two painting experts on staff. One of their jobs is to
assess whether given artwork is authentic (they decide whether it is genuine or a
forgery). Expert A and Expert B both look at each artwork individually, and arrive
at their own conclusions. A summary of the results of inspections of 200 pieces of
art follows.


Judged genuine by B Judged a forgery by B
Judged genuine by A 174 4
Judged a forgery by A 2 20


(a) If one of these pieces of art is randomly selected, what is the probability that
Expert A thought it to be genuine?


(b) One of these pieces of art is randomly selected. Given Expert B thought it a
forgery, what is the probability that Expert A also thought it a forgery?


(c) Are events Expert A thinks the piece is a forgery and Expert B thinks the piece
is a forgery mutually exclusive? Are they independent?


60. John has a crush on Stephanie. A friend of John's is having a party on Friday
night. If Stephanie goes to the party, the probability that John will also go is 0.94.
If Stephanie does not go to the party, the probability that John goes is 0.03.


(a) If the probability that Stephanie does not go to the party is 0.20, what is the
probability that John goes?


(b) Suppose now that the probability Stephanie goes to the party is unknown, but
the conditional probabilities that John goes (0.94, 0.03) are still the same. If
the probability that John goes to the party is 0.38, what is the probability
that Stephanie goes to the party?


(c) Are the events John goes to the party and Stephanie goes to the party mutually
exclusive? Are they independent?


61. A certain genetic defect affects 0.001% of the population. A test is available for
this defect. If someone has the defect, the test will fail to detect it with probability
0.01. If somebody does not have the defect, the test will give a false positive with
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probability 0.005.


(a) What is the probability that a randomly selected person tests positive?
(b) Given a randomly selected person tests positive for this defect, what is the


probability they have the defect?


62. The following table is based on a Statistics Canada publication.4


40 years 0.99864
41 years 0.99852
42 years 0.99837
43 years 0.99818
44 years 0.99798
45 years 0.99775
46 years 0.99751
47 years 0.99726
48 years 0.99702
49 years 0.99678


The table represents part of a life table, which gives various estimated probabilities
of survival. The probabilities given here are estimated conditional probabilities. For
example, the estimated probability that an exactly 40 year old Ontario man survives
until his 41st birthday is .99864. The estimated probability that an exactly 41 year
old Ontario man survives until his 42nd birthday is .99852, etc.


(a) Based on this table, what is the probability an Ontario man, alive on his 47th
birthday, survives until his 48th?


(b) Based on this table, what is the probability an Ontario man, alive on his 47th
birthday, dies before his 48th?


(c) Based on this table, what is the probability a male child born in Ontario lives
until their 40th birthday?


(d) Based on this table, what is the estimated probability that an Ontario man
who has survived until his 45th birthday dies when he is 48? That is, he reaches
his 48th birthday but dies before his 49th.


(e) What is the estimated probability that a randomly selected Ontario man, alive
on his 45th birthday, survives until his 48th?


4The full table is available at http://www.statcan.gc.ca/pub/84-537-x/t/txttables/ontm.txt. Ac-
cessed January 11 2014.



http://www.statcan.gc.ca/pub/84-537-x/t/txttables/ontm.txt
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Chapter 1


Introduction


“I have been impressed with the urgency of doing. Knowing is not enough; we
must apply. Being willing is not enough; we must do.”


-Leonardo da Vinci


1
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1.1 Introduction


When first encountering the study of statistics, students often have a preconceived—
and incorrect—notion of what the field of statistics is all about. Some people
think that statisticians are able to quote all sorts of unusual statistics, such as
32% of undergraduate students report patterns of harmful drinking behaviour,
or that 55% of undergraduates do not understand what the field of statistics is
all about. But the field of statistics has little to do with quoting obscure percent-
ages or other numerical summaries. In statistics, we often use data to answer
questions like:


• Is a newly developed drug more effective than one currently in use?
• Is there a still a sex effect in salaries? After accounting for other relevant


variables, is there a difference in salaries between men and women? Can
we estimate the size of this effect for different occupations?


• Can post-menopausal women lower their heart attack risk by undergoing
hormone replacement therapy?


To answer these types of questions, we will first need to find or collect appropriate
data. We must be careful in the planning and data collection process, as unfortu-
nately sometimes the data a researcher collects is not appropriate for answering
the questions of interest. Once appropriate data has been collected, we summa-
rize and illustrate it with plots and numerical summaries. Then—ideally—we use
the data in the most effective way possible to answer our question or questions
of interest.


Before we move on to answering these types of questions using statistical in-
ference techniques, we will first explore the basics of descriptive statistics.


1.2 Descriptive Statistics


In descriptive statistics, plots and numerical summaries are used to describe a
data set.


Example 1.1 Consider a data set representing final grades in a large introduc-
tory statistics course. We may wish to illustrate the grades using a histogram or
a boxplot,1 as in Figure 1.1.
1You may not have encountered boxplots before. Boxplots will be discussed in detail in Sec-
tion 3.4. In their simplest form, they are plots of the five-number summary: minimum, 25th
percentile, median, 75th percentile, and the maximum. Extreme values are plotted in indi-
vidually. They are most useful for comparing two or more distributions.
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(b) Boxplot of final grades.


Figure 1.1: Boxplot and histogram of final grades in an introductory statistics
course.


Plots like these can give an effective visual summary of the data. But we are
also interested in numerical summary statistics, such as the mean, median, and
variance. We will investigate descriptive statistics in greater detail in Chapter 3.
But the main purpose of this text is to introduce statistical inference concepts
and techniques.


1.3 Inferential Statistics


The most interesting statistical techniques involve investigating the relationship
between variables. Let’s look at a few examples of the types of problems we will
be investigating.


Example 1.2 Do traffic police officers in Cairo have higher levels of lead in their
blood than that of other police officers? A study2 investigated this question by
drawing random samples of 126 Cairo traffic officers and 50 officers from the
suburbs. Lead levels in the blood (µg/dL) were measured.


The boxplots in Figure 1.2 illustrate the data. Boxplots are very useful for
comparing the distributions of two or more groups.


The boxplots show a difference in the distributions—it appears as though the
distribution of lead in the blood of Cairo traffic officers is shifted higher than that
of officers in the suburbs. In other words, it appears as though the traffic officers
have a higher mean blood lead level. The summary statistics are illustrated in
Table 1.1.3
2Kamal, A., Eldamaty, S., and Faris, R. (1991). Blood level of Cairo traffic policemen. Science
of the Total Environment, 105:165–170. The data used in this text is simulated data based on
the summary statistics from that study.


3The standard deviation is a measure of the variability of the data. We will discuss it in detail
in Section 3.3.3.
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Figure 1.2: Lead levels in the blood of Egyptian police officers.


Cairo Suburbs
Number of observations 126 50
Mean 29.2 18.2
Standard deviation 7.5 5.8


Table 1.1: Summary statistics for the blood lead level data.


In this scenario there are two main points of interest:


1. Estimating the difference in mean blood lead levels between the two groups.
2. Testing if the observed difference in blood lead levels is statistically signifi-


cant. (A statistically significant difference means it would be very unlikely
to observe a difference of that size, if in reality the groups had the same
true mean, thus giving strong evidence the observed effect is a real one.
We will discuss this notion in much greater detail later.)


Later in this text we will learn about confidence intervals and hypothesis
tests—statistical inference techniques that will allow us to properly address these
points of interest.


Example 1.3 Can self-control be restored during intoxication? Researchers in-
vestigated this in an experiment with 44 male undergraduate student volunteers.4


The males were randomly assigned to one of 4 treatment groups (11 to each
group):


1. An alcohol group, receiving drinks containing a total of 0.62 mg/kg alcohol.
(Group A)


2. A group receiving drinks with the same alcohol content as Group A, but
also containing 4.4 mg/kg of caffeine. (Group AC)


4Grattan-Miscio, K. and Vogel-Sprott, M. (2005). Alcohol, intentional control, and inappropri-
ate behavior: Regulation by caffeine or an incentive. Experimental and Clinical Psychophar-
macology, 13:48–55.
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3. A group receiving drinks with the same alcohol content as Group A, but
also receiving a monetary reward for success on the task. (Group AR)


4. A group told they would receive alcoholic drinks, but instead given a
placebo (a drink containing a few drops of alcohol on the surface, and
misted to give a strong alcoholic scent). (Group P)


After consuming the drinks and resting for a few minutes, the participants car-
ried out a word stem completion task involving “controlled (effortful) memory
processes”. Figure 1.3 shows the boxplots for the four treatment groups. Higher
scores are indicative of greater self-control.
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Figure 1.3: Boxplots of word stem completion task scores.


The plot seems to show a systematic difference between the groups in their task
scores. Are these differences statistically significant? How unlikely is it to see
differences of this size, if in reality there isn’t a real effect of the different treat-
ments? Does this data give evidence that self-control can in fact be restored by
the use of caffeine or a monetary reward? In Chapter 14 we will use a statistical
inference technique called ANOVA to help answer these questions.


Example 1.4 A study5 investigated a possible relationship between eggshell
thickness and environmental contaminants in brown pelican eggs. It was sus-
pected that higher levels of contaminants would result in thinner eggshells. This
study looked at the relationship of several environmental contaminants on the
thickness of shells. One contaminant was DDT, measured in parts per million
of the yolk lipid. Figure 1.4 shows a scatterplot of shell thickness vs. DDT in a
sample of 65 brown pelican eggs from Anacapa Island, California.


There appears to be a decreasing relationship. Does this data give strong ev-
5Risebrough, R. (1972). Effects of environmental pollutants upon animals other than man. In
Proceedings of the Sixth Berkeley Symposium on Mathematical Statistics and Probability.
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Figure 1.4: Shell thickness (mm) vs. DDT (ppm) for 65 brown pelican eggs.


idence of a relationship between DDT contamination and eggshell thickness?
Can we use the relationship to help predict eggshell thickness for a given level
of DDT contamination? In Chapter 15 we will use a statistical method called
linear regression analysis to help answer these questions.


In the world of statistics—and our world at large for that matter—we rarely if
ever know anything with certainty. Our statements and conclusions will involve
a measure of the reliability of our estimates. We will make statements like we
can be 95% confident that the true difference in means lies between 4 and 10, or,
the probability of seeing the observed difference, if in reality the new drug has no
effect, is less than 0.001. So probability plays an important role in statistics, and
we will study the basics of probability in Chapter 4. In our study of probability,
keep in mind that we have an end in mind—the use of probability to quantify
our uncertainty when attempting to answer questions of interest.
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2 Probability


2.1 Basics of Probability: Unions, Intersections, Complements


Basics of Probability: Unions, Intersections, Complements (10:45) (https://youtu.
be/B1v9OeCTlu0)


An introductory discussion of unions, intersections, and complements in the con-
text of basic probability. (Pitched at a level appropriate for a typical introductory
statistics course.) I include a discussion of mutually exclusive events, as well as the
addition rule. I work through a simple die rolling example, and also an example
of a scenario where we randomly sample from a population of people, where some
have diabetes and some have hypertension. The various scenarios are illustrated
with Venn and Euler diagrams. (The percentages given in the video are loosely
based on statistics for 50 year-old Canadian males.)


2.2 An Introduction to Conditional Probability (12:01)


An Introduction to Conditional Probability (12:01) (https://youtu.be/bgCMjHzXTXs)


An introduction to conditional probability, pitched at a level appropriate for a
typical introductory statistics course. I work through some simple examples in this
introductory video, and briefly touch on the concept of independence in an example
at the end of the video. I work through some harder examples in (Conditional
Probability Example Problems (16:39) (https://youtu.be/ES9HFNDu4Bs)).


2.3 Independent Events (Basic Probability: Independence of Two
Events) (21:25)


Independent Events (Basic Probability: Independence of Two Events) (https:
//youtu.be/1wuRV5z0PPE)


An introduction to the concept of independent events, pitched at a level appropriate
for the probability section of a typical introductory statistics course. I give the
definition of independence, work through some simple examples, and attempt to
illustrate the meaning of independence in various ways. (Note: I use the phrase
"not independent" rather than "dependent" almost exclusively. There is nothing
wrong with calling events dependent when they are not independent, but I prefer
to use "not independent" for a couple of reasons.)



https://youtu.be/B1v9OeCTlu0

https://youtu.be/B1v9OeCTlu0

https://youtu.be/B1v9OeCTlu0

https://youtu.be/bgCMjHzXTXs

https://youtu.be/bgCMjHzXTXs

https://youtu.be/ES9HFNDu4Bs

https://youtu.be/ES9HFNDu4Bs

https://youtu.be/ES9HFNDu4Bs

https://youtu.be/1wuRV5z0PPE

https://youtu.be/1wuRV5z0PPE

https://youtu.be/1wuRV5z0PPE
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(I’m on a bit of a probability run, but looking forward to getting back to statistics
videos in the near future.)


2.4 Conditional Probability Example Problems (16:39)


Conditional Probability Example Problems (16:39) (https://youtu.be/ES9HFNDu4Bs)


Conditional probability example problems, pitched at a level appropriate for a
typical introductory statistics course. I assume that viewers have already been
introduced to the concepts of conditional probability and independence, but I
do review the concepts along the way. I work through some problems with the
conditional probability formula explicitly, and some using the reduced sample space
argument.


The sudden death data is slightly modified from:


Naneix et al. (2015). Sudden adult death: An autopsy series of 534 cases with
gender and control comparison. Journal of Forensic and Legal Medicine, 32:10-15.


The data was pulled from their Figure 3, and I pooled the Abdominal/pelvian and
undetermined groups into "other", to make the example work better visually and
have it be easier to follow. I took some slight liberties here, as "undetermined" is
not the same as "other". Conscious choice, y’all.


2.5 What Does Independence Look Like on a Venn Diagram?
(10:45)


What Does Independence Look Like on a Venn Diagram? (10:45) (http://youtu.
be/pV3nZAsJxl0)


Usually, Venn diagrams are not very useful for illustrating independence, as the
sizes of the circles and their intersections have no meaning. It can help to illustrate
independence if we force the area of each region to be equal to its probability of
occurring. Independence is even easier to see if we represent the events with
rectangles instead of circles. I illustrate these concepts in this video.


All plots were created in R. The appropriate diameters of the circles and distance
between the centres of the circles were calculated in R using the package venneuler.


Not all plots in this video are officially called Venn diagrams.



https://youtu.be/ES9HFNDu4Bs

https://youtu.be/ES9HFNDu4Bs

http://youtu.be/pV3nZAsJxl0

http://youtu.be/pV3nZAsJxl0

http://youtu.be/pV3nZAsJxl0
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2.6 Are Mutually Exclusive Events Independent? (5:05)


Are Mutually Exclusive Events Independent? (5:04) (https://youtu.be/UOfsad9WWwk)


Are mutually exclusive events independent? I get asked variants of this question
frequently, so it’s evident that some students confuse these two concepts. The
one sentence summary: If A and B are mutually exclusive events, then they are
independent if and only if P(A) = 0 or P(B) = 0. I take a more detailed look in
this video.


2.7 De Morgan’s Laws (in a probability context) (7:40)


DeMorgan’s Laws (in a probability context) (7:40) (https://youtu.be/LBGbwQDhceg)


A discussion of De Morgan’s laws, in the context of basic probability. I illustrate De
Morgan’s laws using Venn diagrams, describe their meaning in a worded example,
and show how they might be useful in a probability calculation.


2.8 Proof that if two events are independent, so are their com-
plements (4:45)


Proof that if two events are independent, so are their complements(4:45) (https:
//youtu.be/bnDpZNlVZ3k)


Here I prove that if events A and B are independent, so are Ac and Bc. I make
use of De Morgan’s Laws, without offering a formal proof of that part (but I do
provide a brief Venn diagram justification of the needed bit).


2.9 Proof that if events A and B are independent, so are Ac and
B (and A and Bc) (4:23)


Proof that if events A and B are independent, so are Ac and B (and A and Bc)(4:23)
(https://youtu.be/8qyAthOT2rI)


Here I prove that if events A and B are independent, so are A complement and B.
(And A and B complement, of course, as which event we call A and which we call
B is arbitrary.)


Looking for a proof that if A and B are independent, so are their complements?
That’s here: https://youtu.be/bnDpZNlVZ3k



https://youtu.be/UOfsad9WWwk

https://youtu.be/UOfsad9WWwk

https://youtu.be/LBGbwQDhceg

https://youtu.be/LBGbwQDhceg

https://youtu.be/bnDpZNlVZ3k

https://youtu.be/bnDpZNlVZ3k

https://youtu.be/bnDpZNlVZ3k

https://youtu.be/8qyAthOT2rI

https://youtu.be/8qyAthOT2rI
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Chapter 2


Gathering Data


J.B.’s strongly suggested exercises: 1, 2, 3, 4, 5, 6, 8, 9, 12, 15, 17, 18, 21, 24, 29, 31, 32


2.1 Introduction


2.2 Populations and Samples, Parameters and Statistics


1. Succinctly state the difference between a parameter and a statistic.


2. Researchers are interested in estimating the average weight of three-year-old walleye
in a lake. A netting program yielded 52 three-year-old walleye, with an average
weight of 273 grams.


(a) What is the population of interest?
(b) What is the sample?
(c) Is the value 273 a parameter or a statistic?
(d) What is the parameter of interest in this scenario?
(e) Is it possible to know the value of the parameter of interest in this scenario?


3
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2.3 Types of Sampling


2.3.1 Simple Random Sampling


3. An importer of used medical equipment wants to estimate the proportion of defec-
tive pacemakers in a shipment of 200 pacemakers. They open the shipping con-
tainer, remove the top 8 pacemakers, and find that 0% of of these 8 pacemakers are
defective. Unknown to the importer, 10% of the pacemakers in the entire shipment
are defective.


(a) What is the population of interest?
(b) What is the sample?
(c) What value given above is a statistic?
(d) What value given above is a parameter?
(e) Would this sample above constitute a simple random sample?


4. Suppose a professor wishes to estimate the proportion of female students in a class
of 50 students. They could find out the true proportion without too much difficulty,
but they decide instead to draw a sample of 10 students. Each student’s ID number
is put on a marble. The 50 marbles are put into a box, and the box is shaken
vigorously. Suppose after the vigorous shaking that the marbles can be considered to
be randomly distributed in the box. Without looking at the marbles, the professor
reaches into this box and pulls out 10 marbles without replacement. The 10 students
with these ID numbers are a sample from the population of 50 students. Which, if
any, of the following statements are true?


(a) The sample can be considered to be a simple random sample from the popu-
lation.


(b) Each possible sample of size 10 has the same chance of being selected.
(c) The 50 students represent the population.
(d) The probability any individual in the population will be in the sample is 0.20.


2.3.2 Other Types of Random Sampling


5. A professor is interested in learning more about her students, and she decides that
she is going to draw a sample of 10 students from her population of 50. She knows
she should be drawing some sort of random sample, but doesn’t quite know how to
go about it. She considers the following two sampling designs.


I. Put all the names of students on small pieces of paper, put them into a hat,
and mix them up such that the names are randomly distributed. Then she
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will pick 10 names without replacement.


II. To ensure equal representation of males and females, she will have separate
hats for males and females. In the first hat she will mix up the names of the
male students, then draw 5 names without replacement. She will carry out
the same procedure with the females, drawing 5 female names. She will then
pool these names together into a group of 10.


Which of the following statements are true?


(a) Sampling method I results a simple random sample.
(b) Sampling method II results in a stratified random sample.
(c) Both sampling designs result in very biased samples.


2.4 Experiments and Observational Studies


6. A doctor is investigating the relative effectiveness of two different procedures that
may prolong life in patients with advanced heart disease. Twenty volunteers are
randomly assigned to the two procedures, 10 to procedure A and 10 to procedure
B. The time until death is recorded.


(a) Is this an experiment or an observational study?
(b) What are the experimental units?
(c) What are the treatments?
(d) What is the response variable?
(e) If it is found that those patients from procedure B tended to live much longer


on average, is it reasonable to conclude that procedure B caused this increase?


7. Researchers are interested in the yield of four types of corn. There are 20 plots of
land available, and the researchers randomly assign the types of corn to the 20 plots
of land (5 plots for each type of corn). After the growing season, the yield (kg) is
measured.


(a) Is this an observational study or an experiment?
(b) What are the treatments?
(c) What is the response variable?
(d) What are the experimental units?


8. Suppose a long-term observational study finds that children who watch an average
of more than 50 hours of television a week are much more likely to be arrested by
age 18 than those children who watch less television. Based on this study, is it
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reasonable to conclude that increased television viewing causes an increase in the
likelihood of arrest?


2.5 Chapter Exercises


9. A study1 investigated fast food consumption among students on a college campus in
the southern United States. The researchers recruited students by posting flyers on
campus, offering to give participants small giveaways and a chance to win a $100 gift
card from the campus bookstore. The 152 student participants completed several
surveys, and one of the surveys involved fast food consumption. In the analysis of
the results of one of the surveys, the researchers found that male students tended
to spend more per month on fast food than female students did.


(a) What is the population of interest?
(b) Is the sample of students a simple random sample?
(c) What types of bias might be present in a study like this?
(d) Would it be possible to conduct a simple random sample of students at this


university to investigate fast food consumption?


10. A study2 investigated physical characteristics of two species of lizard (Phryno-
cephalus frontalis and P. versicolor) found in a region of Inner Mongolia. The
researchers were interested mainly in the differences between males and females
within each species. Researchers captured these lizards by hand or by noose, and
measured various physical characteristics.


(a) What are the populations of interest?
(b) Did the researchers use a simple random sampling design?
(c) What types of bias might be present in this study?


11. A study3 investigated a possible effect of a vitamin C supplement on the frequency
and duration of colds. One thousand volunteers were randomly assigned to two
groups. One group received a vitamin C supplement of 1g per day, the other group
received a placebo. The participants then kept track of variables related to cold
frequency and severity for the duration of the study (approximately 2 months).


(a) This experiment was conducted as a double-blind experiment (neither the
1Heidal et al. (2012). Cost and calorie analysis of fast food consumption in college students. Food and
Nutrition Sciences, 3:942–946


2Qu et al. (2011). Sexual dimorphism and female reproduction in two sympatric toad-headed lizards,
Phrynocephalus frontalis and P. versicolor (Agamidae). Animal Biology, 61:139–151


3Anderson, T., Reid, D., and Beaton, G. (1972). Vitamin C and the common cold: a double-blind trial.
Canadian Medical Association Journal, 107:503–508
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study participant nor the researchers involved knew whether the participant
was receiving the vitamin C or the placebo, until after the study was com-
pleted and the data was summarized). Why would the researchers set up the
experiment in this way?


(b) The study began with 1000 participants, but 182 people dropped out before
the end of the study. The data for the individuals that dropped out was thrown
out and the analysis was based on the remaining 818 participants. How might
this bias the results?


12. Researchers investigated a possible effect of exercise on tumour growth in rats.
Thirty rats were injected with cancerous cells that would develop into a tumour.
These rats were then randomly assigned to one of two groups (15 to each group).
Rats in one of the groups were forced to run on a treadmill for 30 minutes per day.
Rats in the other group had no forced exercise. After one month, the rats were
sacrificed and the weight of the tumour was measured.


(a) What is the response variable?
(b) What is the explanatory variable?
(c) On one of the days, a rat caught his foot on the back of the treadmill and was


badly injured. The rat had to be sacrificed and omitted from the experiment.
How might this bias the results? Does this render the results of the study
invalid?


13. Consider the following list of Central American countries:


• Belize
• Costa Rica
• El Salvador
• Guatemala
• Honduras
• Nicaragua
• Panama


(a) Number the countries from 1–7, then pick a simple random sample of size 3
from this group using the following random numbers:


98797 18334 57628 33215 32849.
What countries are selected? (Hint: We would ignore the first 2 numbers in
the list (9,8), since no country is labelled with a 9 or an 8, and the first country
selected would be Panama (7).)


(b) Suppose instead of the above, we randomly pick a letter from A-Z using a ran-
dom number generator, then include the country in our sample if the country’s
name begins with that letter. If we continued in this fashion until 3 countries
were selected, would that sample represent a simple random sample from the
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population?


14. None of the sampling methods in this question are perfect, but which one would
yield the most representative sample from its population? (This question requires
a little thought, and the correct answer is subject to debate.)


(a) A student wants to know the class average on a midterm exam she recently
wrote. At the lecture following the midterm, Friday at 8:30, she arrives to
class early and asks ten students in the lecture room what their mark was on
the test. She calculates her estimate of the class average based on what these
10 students say they scored on the test.


(b) A student wants to investigate the average yearly income of the parents of
university students. While in line to obtain his student loan, he asks 10 people
in line with him what their parents’ yearly income is, and takes an average of
the responses.


(c) A teaching assistant wants to know what proportion of students in a class are
male. This particular teaching assistant is a little lazy, and simply looks at
the first 10 students on a class list that is sorted alphabetically by last name,
and finds the proportion of these students that are male.


15. Researchers are interested in estimating the proportion of full-time female graduate
students at a university that have a job outside of the university. Surveys are sent
out to all full-time female graduate students, and 67 surveys are completed and
returned. Of these 67 students, 19 have jobs outside of the university.


(a) What is the population of interest?
(b) What is the sample?
(c) What is the parameter of interest?
(d) What is the statistic that estimates this parameter?
(e) Is this an experiment?
(f) Is this a simple random sample?
(g) Will this sample be representative of the population as a whole?


16. Suppose that a person is interested in estimating the average weight of black bear
gall bladders in Ontario. They have a circle of hunting friends, and they find
that their next 3 kills, the bears have an average gall bladder weight of 22 grams.
Suppose that, in reality, the average weight of Ontario black bear gall bladders is
24 grams. (Please don’t read into this question as support for bear hunting or the
sale of parts, because it’s not.)


(a) What is the population of interest?
(b) Is 22 grams the value of a parameter or a statistic?
(c) Is 24 grams the value of a parameter or a statistic?
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(d) The sampling method could best be described as:
i. Simple random sampling.
ii. Stratified random sampling.
iii. Voluntary response sampling.
iv. Something else.


17. Suppose a botanist has grown 11 sunflowers and wishes to randomly select 2 of
them for further study. She orders the 11 sunflowers from largest to smallest, and
numbers them from 02 to 12 (in that order). She doesn’t have access to a computer
or a random number table, but she does have a pair of dice available. She rolls the
two dice, gets the sum of the numbers on the two faces, and uses that number to
select the first sunflower for her sample. She rolls again to randomly select a second
sunflower. Note that the chances of rolling the various possible sums are different
(the probability of rolling numbers that sum to 2 is 1/36, whereas the probability
of rolling numbers that sum to 7 is 6/36).


Do the two sunflowers that the botanist selected represent a simple random sample
from the population of 11 sunflowers?


18. Suppose a pro-gun organization in the U.S. sends a survey to 1000 of its members,
asking “Do you believe that all illegal immigrants should be deported back to their
country of origin?”. 912 members return the survey, 59% responding “Yes”. This
survey is then used as evidence that 59% of Americans believe that illegal immi-
grants should be deported. (The survey results given in this question are fictitious
and are not meant to be accurate.)


Which of the following statements are true? (check all that are true—there may be
more than one correct statement)


(a) Since only 912 of the 1000 people who were sent the survey returned it, the
survey gives absolutely no evidence about the feelings of members of this or-
ganization toward illegal immigrants.


(b) The biggest problem with this survey is that it is a mail-in survey, which can
cause a delay of several weeks.


(c) The sample size is far too small to be meaningful.
(d) The sample is not representative of the population of interest.


19. A principal wants to estimate the average IQ of third graders in her school. The
first 10 third graders on the alphabetical list are selected, and their average score
on an IQ test is found to be 97.2.


(a) What is the population of interest?
(b) Is the number 97.2 a parameter, or a statistic?
(c) Is the principal’s sample a simple random sample?
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20. Suppose a very conservative media outlet in the U.S. asks a survey question of its
viewership, “Do you approve or disapprove of the way the president is handling his
job as President of the United States?”. This poll has 1500 respondents, 72% of
this sample disapproving of the way the president is handling his job as president.
Suppose this statement is then used to imply that 72% of Americans disapprove of
the way the president is handling his job.


Which of the following statements are true?


(a) The 1500 respondents represent a simple random sample.
(b) The wording of the question is very misleading and would inevitably result in


a biased sample.
(c) The number 72% is a parameter.
(d) Since only 1500 people were sampled from a population of over 300 million,


the sample size is far too small to be meaningful.


21. A study investigated the effect of a regular dose of aspirin on the risk of heart
attack. Physicians randomly assigned approximately 11,000 people to a group that
took an aspirin every second day, and 11,000 to a control group that took a placebo
instead. After several years the subjects in the aspirin group were found to have a
lower risk of heart attack.


(a) Is this an experiment or an observational study?
(b) What is the response variable?
(c) What is the explanatory variable?
(d) Is it necessary to have exactly half the subjects in one group and half in the


other?
(e) True or False: The heart attack variable is confounded with the aspirin vari-


able.


22. Consider again the information in Question 21. Suppose that instead of carrying
out an experiment, the researchers sent out a survey to physicians, asking them if
they had taken aspirin regularly over the past 5 years, and if they had had a heart
attack in that time.


(a) If the data from this survey established a link between aspirin use and a lower
rate of heart attack, would the conclusions be as strong as those found in
Question 21?


(b) What sort of biases are possible in this survey?


23. Researchers wish to investigate the effect of negative reinforcement (a mild electric
shock) on the ability of people to concentrate. Twenty people volunteer for this
investigation. Ten are randomly assigned to a shock group, and ten are assigned to
a control group. Each individual plays a memory game, involving 100 tiles laid face
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down on a table. The 100 tiles each have a picture on the face-down side. There
are 50 pairs of identical pictures, and the individual must attempt to find matching
pairs. Individuals assigned to the shock group get an electric shock whenever their
attempted match is wrong. Individuals in the control group do not get a shock.
Each individual is allowed 100 attempts at finding matching pairs of tiles, and the
number of matching pairs they find is recorded.


Which of the following statements are true?


(a) There are 20 treatment groups.
(b) This is an observational study.
(c) Even if there is strong evidence of a difference between the two groups, there


will not be evidence of a causal effect.
(d) The response variable is the voltage of the electric shock.


24. A company is concerned that there are too many injuries on one of their assembly
lines. They decide that they may need to make certain workers wear a type of
harness to prevent falls and injuries. They are concerned that the harness may
cause the workers to work more slowly and have longer task completion times.
Fifteen workers volunteer for a study to investigate this. Eight of these workers are
randomly assigned to the harness-wearing group, and the remaining seven workers
will not wear a harness. The workers are observed for two weeks and their task
completion times are recorded.


(a) What is the response variable?
(b) What is the explanatory variable?
(c) Is this an experiment or an observational study?
(d) Can this type of study help determine if there is a causal link between wearing


the harness and slower times?
(e) Why did the company randomly assign the workers to the groups, and did not


allow the workers to pick which group they wanted to be in?


25. You want to perform an experiment to investigate the effect of different stimuli on
the time it takes for rats to complete a maze. You decide to have 3 groups of rats.
Group 1 is a control group, rats in Group 2 will receive a piece of cheese if they
complete the maze within a certain time, and rats in Group 3 will get a mild (but
painful) electric shock every 3 seconds until they complete the maze. You have 9
rats available for the experiment, and you (wisely) decide to randomly assign 3 rats
to each group. You have named the rats:


Pete, Tom, Jerry, Alphonse, Renaldo, Bo, Little Pete, Huey, Eddie.


Number the rats from 1–9 using a single digit. Then randomly assign the rats to
the groups by using the following random numbers.
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Random Number Line: 33696 91544 76248


(The first 3 chosen go to the control group, the next 3 to the cheese group, and the
remainder are the unlucky ones in the electric shock group.)


(a) Which rats go in which group?
(b) Little Pete is your favourite rat, and you do not want to see him shocked. You


decided to put him in the cheese group, and randomize the others. Why is
this not acceptable from a statistical point of view?


26. Suppose a new yoga centre conducts a survey of 1000 women. They find that those
who practice yoga regularly are much healthier than those that do not. They use
this finding in their advertising, stating that their survey shows that “regularly
practicing yoga can improve women’s health”. What, if anything, is wrong with
that statement?


27. Which one of the following is the most reasonable definition of a lurking variable?


(a) An unmeasured variable that is related to both the response and explanatory
variables.


(b) An unmeasured variable that is related to the response variable, but has no
relationship with the explanatory variable.


(c) A measured variable that affects the response, but is not related to the ex-
planatory variable.


(d) A variable that has a strong effect on the mean of a data set, but does not
affect the median.


(e) An explanatory variable that causes changes in the response variable. Exper-
iments can give strong evidence of a causal relationship between variables.


28. Researchers are interested in assessing the effect of four different drugs on patients
with high blood pressure. Two hundred people with high blood pressure volunteer
for an experiment. The 200 people are randomly assigned to the different drugs,
50 to each drug. After 12 weeks on the drug, the reduction in blood pressure is
recorded.


(a) What is the response variable?
(b) What is the explanatory variable?
(c) Is this an experiment, or an observational study?
(d) Can this type of study give strong evidence of a causal link between the drug


that is taken and reduced blood pressure?


29. An insurance company lets new policy purchasers choose whether they wish to
purchase “accident forgiveness”, which allows the driver to avoid a premium increase
in the event of an at-fault accident. Out of 200 new purchasers, 40 choose to
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purchase accident forgiveness. It is found that after one year, 8 of the 40 who
purchased accident forgiveness got into an at-fault accident, whereas only 4 of the
160 that did not purchase it got into an at-fault accident. Which of the following
statements are true? There may be more than one true statement; check all that
are true.


(a) This is an observational study, not an experiment.
(b) There is very strong evidence that purchasing accident forgiveness causes more


drivers to get into an at-fault accident.
(c) This study shows that there is definitely no relationship between purchasing


accident forgiveness and getting into an accident.


30. Dental researchers are investigating the strength of two new bonding agents, and
comparing their bond strength to that of the commonly used (standard) bonding
agent. They run an experiment in which the 3 compounds are tested on extracted
teeth. There are 60 extracted teeth available for the experiment. The 60 teeth are
randomly assigned to the 3 bonding compounds, 20 to each compound. The re-
searchers attach a dental appliance to each tooth, and the bond strength is recorded.


(a) What are the treatments?
(b) What is the explanatory variable?
(c) Is this an observational study, or an experiment?
(d) Can this type of study help establish if a there is a causal link between the


bonding agent and the strength of the bond?


31. Consider the following scenarios. In each scenario determine whether it would be
best investigated with an experiment, a survey, or an observational study that is
not a survey.


(a) You are conducting a study investigating drivers in fatal single-vehicle acci-
dents. You want to determine whether male drivers are more likely than female
drivers to have alcohol in their system.


(b) You want to determine whether new male MBA graduates have a higher salary
on average than new female MBA graduates.


(c) You want to determine which of two commonly used headache medications
results in the fastest pain relief.


(d) You want to determine if there is a relationship between cocaine use and
marital infidelity.


(e) You want to investigate whether men who commit suicide tend to use a firearm
more frequently than women who commit suicide.


32. A veterinarian is developing a new experimental surgical technique for dogs that
have a certain type of cancer. The surgery is very risky, and many of the dogs die
soon after surgery. But the veterinarian believes that most dogs would live longer
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after the experimental surgery than if they had the standard surgery. She offers
dog owners a choice of the two methods. She finds that those dogs that undergo the
new experimental surgery live a shorter time on average than those that undergo
the standard surgery.


Disheartened, she decides to carry out an experiment. Dogs in the experiment are
randomly assigned to one of the two surgical methods. In the experiment, it is
found that dogs that undergo the experimental surgery live much longer on average
than dogs that undergo the standard surgery.


(a) If you have a dog with bone cancer, and your sole objective is to maximize
their length of life after surgery, which surgery method should you choose?
i. The new experimental surgery.
ii. The standard surgery.


(b) Which one of the following is the most important lurking variable that would
affect the interpretation of the results of the observational study?
i. The medical condition of the dog.
ii. The size of the dog.
iii. The income of the dog owners.
iv. The IQ of the veterinarian.
v. The breed of the dog.
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Chapter 2


Gathering Data


J.B.’s strongly suggested exercises: 1, 2, 3, 4, 5, 6, 8, 9, 12, 15, 17, 18, 21, 24, 29, 31, 32


2.1 Introduction


2.2 Populations and Samples, Parameters and Statistics


1. A parameter is a numerical characteristic of a population, whereas a statistic is a
numerical characteristic of a sample. The value of a parameter is typically unknown,
but the value of a statistic is known once the sample is taken.


2. (a) All three-year-old walleye in this lake.
(b) The 52 fish caught in the netting program.
(c) 273 is a statistic, since it is a value obtained from a sample.
(d) The parameter of interest is the true mean weight of all three-year-old walleye


in this lake.
(e) No, not in a practical sense. The true mean weight is not a knowable quantity,


as to find it we’d have to catch every three-year-old walleye in this lake.


2.3 Types of Sampling


2.3.1 Simple Random Sampling


3. (a) The 200 pacemakers in the shipment.


3
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(b) The 8 pacemakers.
(c) 0% (a numerical characteristic of a sample)
(d) 10% (a numerical characteristic of the population).
(e) No. Only the top pacemakers were drawn (not all possible samples were equally


possible).


4. (a) True. Each possible sample of size 10 had the same chance of being selected,
and the sample obtained is thus a simple random sample.


(b) True.
(c) True.
(d) True (since we are sampling 10 from a population of 50).


2.3.2 Other Types of Random Sampling


5. Statements a) and b) are true, and c) is false. Sample I is a simple random sample.
Sample II is a stratified random sample. Both sampling designs are reasonable.


2.4 Experiments and Observational Studies


6. (a) It is an experiment.
(b) The 20 volunteers.
(c) The procedures (A and B).
(d) Time until death.
(e) Yes, since it is a randomized experiment.


7. (a) It is an experiment.
(b) The types of corn.
(c) The yield of the corn.
(d) The plots of land.


8. No, it would not be reasonable. It’s an observational study, and as such does not
provide strong evidence of a causal link. There may appear to be an association, but
this relationship could easily be caused by other variables. For example, perhaps
uninvolved parents are more likely to have children that watch lots of TV, and more
likely to have children that are arrested.
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2.5 Chapter Exercises


9. (a) All students at this university.
(b) No, it is not a simple random sample. Sampling methods like this are some-


times called convenience sampling.
(c) The volunteers may be fundamentally different from other students at the


university. (Perhaps the small giveaways and a chance of a $100 gift card
lured them in because they had very little money.) These volunteers may tend
to spend more or less on fast food than other students at the university. And
since this was a survey, the respondents may lie, or may not remember how
much they spend on fast food.


(d) No, it would not be possible. We may be able to draw a simple random sample
of students, but we cannot force these students to participate in the study.


10. (a) All lizards of these species in this region of Inner Mongolia.
(b) No, this is not simple random sampling. Only lizards the researchers could


catch were included in the sample.
(c) The researchers would have an easier time catching certain types of lizard, and


thus certain types of lizard would tend to be overrepresented in the sample.
(Perhaps larger lizards are easier to catch, or smaller lizards are easier to
catch.) It is hard to say how much of a problem this might be, but there are
definitely possible biases in this study. But there is no better alternative—the
researchers simply have to catch the lizards by hand.


11. (a) If patients knew they were receiving vitamin C rather than the placebo, they
may be more confident that it is helping to reduce the duration and severity
of colds. This may show up in their reporting of the results, even if there is no
real effect. If the researchers knew which treatment the patient was receiving,
they may be tempted (consciously or subconsciously) to tweak the results to
reflect what they want to show.


(b) This may or may not be a problem, depending on the reasons people had for
dropping out of the study. The dropouts will not cause any bias if they are
dropping out for reasons unrelated to the study. (For example, if they move out
of town or die in an unrelated accident.) If they drop out for reasons related
to the study then this may very well cause substantial bias. (For example, if
they drop out because the vitamin C is making them too sick from colds to
report the results.) In the original study, the researchers followed up with the
dropouts, and found that most were dropping out because they were getting
bored of the study and did not want to continue.


12. (a) The weight of the tumour is the response variable.
(b) The exercise variable (forced exercise, no forced exercise) is the explanatory
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variable.
(c) This will not cause any bias as long as the reason for the rat catching his foot


on the treadmill is unrelated to the study variables. In the absence of further
information, this is likely the case, so the results of the study are still valid.
But if the reason for the rat catching his foot was related to the study variables,
then this may result in substantial bias. (For example, if the rat caught his foot
on the treadmill because of a lack of mobility due to a massive tumour, then
omitting this rat would be problematic and may lead to misleading results.)


13. (a) Since only the numbers 1 through 7 count, the sample is made up of the
numbers 7, 1, and 3. 98797 18334. This corresponds to the countries Panama,
Belize, El Salvador.


(b) In this case, yes. But only because none of these country names share the
same first letter.


14. The alphabetical list (c) would provide the sample that has the least bias. (But
this is open to debate.)


The sample in a) has many sources of potential bias, including:


• Only students that showed up early to the lecture following a midterm were
included in the sample. Students that show up to the lecture after a midterm
may very well differ from the rest of the class in a fundamental way.


• The lecture was on a Friday morning, and students attending Friday morning
classes may differ from the rest of the class in a fundamental way.


• What students say their mark is on a test may very well differ from their mark
on the test. (Students might have a tendency say they got a higher mark than
they did.)


The sample in b) has many sources of potential bias, including:


• Only students in line for student loans are in the sample.


• The lecture was on a Friday morning, and students attending Friday morning
classes may differ from the rest of the class in a fundamental way.


• What students say their parents’ income is may be quite different from what
their parents’ income actually is.


While there are possible problems with sample c), they are likely not as severe as for
the other two sampling designs. There is possibly a relationship between the first
letter of the last name and the proportion of students that are male. For example,
certain cultures may send males to university more often than females, and have
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last names that tend to start with a letter near the beginning of the alphabet. But
these issues are likely not as severe as for the first 2 sampling designs.


15. (a) All full-time female graduate students at the university.
(b) The 67 students that returned the survey.
(c) The proportion of all female students at the university that have a job outside


the university.
(d) The proportion in the sample (19


67).
(e) No, it’s a survey (a type of observational study).
(f) No, it’s a voluntary response sample.
(g) Possibly, but there could be all sorts of bias introduced. Students who work


may very well be more or less likely to send in their survey than those who do
not.


16. (a) All black bear gall bladders in Ontario.
(b) 22 grams is a characteristic of a sample, and is thus a statistic.
(c) 24 grams is a characteristic of the entire population, and is thus a parameter.
(d) Something else. It’s more of a sample of convenience (the next 3 bears en-


countered), which could possibly be extremely biased.


17. No, they do not represent a simple random sample. Values near the middle are more
likely than those on the ends, and thus middle sized sunflowers are more likely to
be selected than small or large sunflowers.


18. (a) False. Clearly the survey gives some information. As it relates to the opinions
of members of this organization, it would yield valuable information.


(b) False. This type of delay would not be a big problem in this situation.
(c) False. A sample of 912 is a fairly large sample, and can provide valuable


information.
(d) True. The population of interest is Americans in general, but only the opinions


of the members of this pro-gun organization are reported.


19. (a) All third graders in the school.
(b) It is a characteristic of a sample, and is therefore a statistic.
(c) No. The extent of the bias that might be present in this type of sample is


difficult to assess, but it’s not a simple random sample. (Not all possible
samples are equally likely under this sampling scheme.)


20. (a) False. The sampling design was not stated, but it is highly unlikely that the
sample represents a simple random sample.


(b) False. The wording is pretty reasonable, and would not cause much bias.
(c) False. The value 72% came from a sample, and is thus a statistic.
(d) False. A sample of size 1500 is quite a large sample for most practical purposes.
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21. (a) It is an experiment (the researchers imposed a condition (the aspirin) on some
of the patients).


(b) Whether or not the patient had a heart attack.
(c) Whether or not the patient received aspirin.
(d) No. It is sometimes desirable, but not necessary.
(e) False. This is not what confounding means.


22. (a) No, the conclusions would not be as strong. Here we are discussing an ob-
servational study, and thus we could not reach conclusions of a causal nature.
The experiment in Question 21 could give strong evidence of a causal link.


(b) Physicians might not want to respond if they’ve had a heart attack. Or perhaps
they would be more likely to respond if they’ve had a heart attack, as they may
wish to contribute to research of this nature. (We can suspect possible biases
without knowing the direction or magnitude.) And, of course, any physician
who previously died of a heart attack would be unable to respond.


23. (a) False, there are 2 treatments groups (shock/no shock). (What we might call
a treatment group and a control group.)


(b) False, it is an experiment.
(c) False. Experiments can give strong evidence of a causal effect.
(d) False. The response variable is the number of matching pairs.


24. (a) Task completion time.
(b) The harness variable (whether or not a worker is wearing a harness).
(c) It is an experiment (the researchers imposed an intervention, the harness, on


some workers).
(d) Yes. It appears to be a reasonable experimental design, and as such can provide


evidence of a causal link.
(e) Without the randomization, bias can be introduced. Perhaps workers who


felt they might be slowed down a great deal by the harness would choose to
not wear one. Or perhaps faster workers would choose to not wear a harness.
There is a variety of possible biases.


25. (a) 33696 91544 76248. The first 3 numbers selected are 3, 6, and 9. So Jerry,
Bo, and Eddie go to the control group. The second set of 3 numbers is 1, 5,
4, so Pete, Renaldo, and Alphonse go to the cheese group. The others (2, 7, 8
– Tom, Little Pete, and Huey) go to the electric shock group.


(b) This may introduce bias. You might want to save Little Pete because he is
too weak and frail, or a variety of other reasons that might introduce bias.


26. There appears to be a relationship, but we cannot say it is due to the yoga. Perhaps
women who practice yoga take care of themselves and are simply healthier overall.
Based on this type of survey, we have little evidence that yoga causes improved
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health.


27. a: An unmeasured variable that is related to both the response and explanatory
variables.


28. (a) Reduction in blood pressure.
(b) The types of drug.
(c) It is a randomized experiment.
(d) Yes. A well designed experiment can give strong evidence of a causal link.


29. Only (a) is true. This observational study does not give strong evidence of a causal
link. There may be a causal link, but this study certainly doesn’t show it. Note that
those who are more likely to get into an accident may be more likely to purchase
this service.


30. (a) The bonding agents.
(b) The bonding agents.
(c) It is an experiment.
(d) Yes. This type of experiment can show strong evidence of a causal link.


31. (a) An observational study (a study of coroner records, for example).
(b) If the data is available, an observational study would be best. (Perhaps records


from various companies are available.) This may not be possible, and a survey
of workers may have to suffice.


(c) An experiment.
(d) An experiment would not be possible here. And it would be tough to get


appropriate data for an observational study. We would need to rely on a
survey. But unfortunately, even the survey results may not be very reliable,
as people may be likely to lie when faced with questions about cocaine use or
marital infidelity.


(e) An observational study (a study of coroner records, for example).


32. (a) The experimental surgery. The results from the experiment are more reliable
(less subject to bias).


(b) The medical condition of the dog. Owners of dogs that are in very poor shape
may be more willing to gamble on the experimental surgery.
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Chapter 4


Probability


“One of these days, a guy is going to show you a brand-new deck of cards on which the
seal is not yet broken. Then this guy is going to offer to bet you that he can make the
jack of spades jump out of this brand-new deck of cards and squirt cider in your ear.
But, son, you do not accept this bet because, as sure as you stand there, you’re going
to wind up with an ear full of cider.”
- Sky Masterson, in Guys and Dolls
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4.1 Introduction


Statistical inference methods are built on probability models, and these meth-
ods are easier to understand if one has a solid understanding of the basics of
probability.


Consider again Example 2.5 on page 16, which discussed an experiment designed
to assess the effect of calorie-reduced diets on the longevity of mice. Mice were
randomly assigned to one of 6 diets:


• A control group that were allowed to eat an unlimited amount.
• R1, R2, R3, R4, and R5. These were 5 increasingly calorie-restricted diets.


Figure 4.1 illustrates the results.
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Figure 4.1: Survival times for the different diets.


A typical statistical inference question is along the lines of: What is the probability
of seeing differences like this, if in reality the calorie restriction has no effect on
longevity of mice?


We also make statements like: We can be 95% confident that the difference in
population mean survival time between the R2 and R1 diets lies somewhere in the
interval (5,11).


As we progress through this text, we will learn how to make statements like
this. In order to understand the statistical techniques and properly interpret the
results, we need to know a thing or two about probability.
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4.2 Basics of Probability


4.2.1 Interpreting Probability


Consider the following examples:


• Two coins are tossed. What is the probability both coins come up heads?


• Two six-sided dice are rolled. What is the probability that the sum of the
two numbers is less than 4?


Tossing coins and rolling dice are examples of probability experiments. In
a probability experiment, we cannot predict with certainty the outcome of any
individual run of the experiment. (We do not know how many heads will come
up when we toss the coins, or what will appear on the faces of the dice.) The
outcome of the experiment is governed by chance, but under certain assumptions
we know what will happen in the long run. We know that if we toss a fair coin a
very large number of times, about half the tosses will result in heads, and about
half will result in tails. In a probability experiment, we cannot predict individual
outcomes with certainty, but we know the long-run distribution of the outcomes.


Depending on the situation and one’s philosophy, there are several interpretations
of probability. A common one is the frequentist interpretation:


The probability of an outcome is the proportion of times that outcome would occur
in a very large (infinite) number of trials.


When we say the probability of a fair coin coming up heads is 1
2 , we are saying


that if we were to repeatedly toss the coin forever, the proportion of times heads
occurs would approach 1


2 . This is closely related to the law of large numbers,
which is discussed in Section 4.7.


But the frequentist interpretation can be unsatisfying at times. From your per-
spective, what is the probability that the next letters in this sentence will be
kjdfjakdf ? Interpreting that probability as a long run proportion is somewhat
unsatisfying, as the exact situation you are currently in will never occur again.
The frequentist interpretation only applies to well-defined experiments. There
are other interpretations of probability, such as the Bayesian interpretation.
From a Bayesian perspective, probability is a measure of how likely an outcome
is, given the current state of knowledge. From this perspective, it makes sense
to ask questions like, “what is the probability that the number 2 appears on the
next page of this document?” or “what is the probability that there is life on
another planet?”
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4.2.2 Sample Spaces and Sample Points


The sample space of an experiment, represented by S, is the set of all possible
outcomes of the experiment. The individual outcomes in the sample space are
called sample points. The sample space of an experiment can often be defined
in different ways, and we choose the one that is most appropriate for our needs.
Let’s look at a few examples.


Example 4.1 Suppose an ordinary six-sided die is about to be rolled. If we are
interested in the number that comes up on the top face, as we often are when
rolling a die, then the sample space is: S = {1, 2, 3, 4, 5, 6}. These 6 possibilities
are the sample points or outcomes.


There are other ways of defining the sample space in this experiment. For ex-
ample, if we are only interested in whether the die comes up with an even num-
ber or an odd number, then we could define the sample space to reflect that:
S = {Even,Odd}.


Example 4.2 Suppose a card is about to be drawn from an ordinary 52 card
deck. The most natural sample space is the set of 52 cards:


S = {2 of clubs, 2 of diamonds, . . . , ace of hearts, ace of spades}


But if we are interested in only the suit of the card, we could define the sample
space to reflect that:


S = {Club,Diamond,Heart, Spade}


Example 4.3 Suppose a coin is about to be tossed twice. A natural listing of
the sample space is the 4 possible outcomes: S = {TT, TH,HT,HH}, where
TH represents tails on the first toss and heads on the second, HT represents
heads on the first toss and tails on the second, etc.


But if we are interested only in the total number of times heads comes up, we
might define the sample space to reflect that: S = {0, 1, 2}.


The sample space and sample points must be constructed such that exactly
one sample point will occur in the experiment. The sample points must be
mutually exclusive (no two sample points can occur on the same trial) and
collectively exhaustive (the collection of sample points contains all possible
outcomes). Within these constraints, the representation of the sample space
should contain all the information necessary to solve the problem of interest,
while not being unnecessarily complicated. When possible, it can be helpful to
define the sample space such that the sample points are equally likely, as this
can help with probability calculations.
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4.2.3 Events


An event is a subset of the sample space (a collection of sample points). We
usually represent events with capital letters (A, B, C, etc.).


Example 4.4 Suppose we are about to roll a six-sided die once and observe
the number on the top face. Here the sample space is the set of the 6 possible
outcomes: S = {1, 2, 3, 4, 5, 6}. Let’s define the following 3 events:


• Let event E represent rolling a one, two, or three: E = {1, 2, 3}.
• Let event F represent rolling a two, three or four: F = {2, 3, 4}.
• Let event G represent rolling a one or a five: G = {1, 5}.


To visualize the relationships between events, it often helps to illustrate the
events with a Venn diagram. Figure 4.2 illustrates the Venn diagram for this
example.1


G E F


2


3
15 4


6


Figure 4.2: A Venn diagram illustrating events E, F , and G.


If the die is perfectly balanced, then each of the six possible outcomes is equally
likely to occur. An ordinary six-sided die will not be perfectly balanced, but this
assumption provides a reasonable model. (In large part, the field of statistics
involves building models that do not perfectly reflect reality, but do provide a
reasonable approximation.) If all of the sample points are equally likely, then
the probability of an event A is:


P (A) =
Number of sample points that make up A


Total number of sample points


In the die example, E is made up of three sample points (1, 2, 3), F is made up
of three sample points (2, 3, 4), and G is made up of two sample points (1, 5).
Since all of the sample points are equally likely: P (E) = 3


6 = 1
2 , P (F ) = 3


6 = 1
2 ,


P (G) = 2
6 = 1


3 .
1Technically speaking, this is an Euler diagram. In a Venn diagram, all circles overlap, even if
the overlapping region cannot possibly occur. But diagrams of this type are often (somewhat
loosely) referred to as Venn diagrams.
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4.3 Rules of Probability


In this section we will investigate some of the important concepts, rules, and
formulas that come up when we are working with probabilities. Let’s start by
taking a quick look at two rules that apply to all events and sample spaces:


• For any event A, 0 ≤ P (A) ≤ 1. (All probabilities lie between 0 and 1.)


• For any sample space S, P (S) = 1. (One of the outcomes in the sample
space must occur.)


4.3.1 The Intersection of Events


The intersection of events A and B is the event that both A and B occur. The
intersection of events A and B is denoted by A ∩ B, A and B, or simply AB.
Figure 4.3 illustrates the intersection of events A and B.


Figure 4.3: The shaded region represents the intersection of events A and B.


4.3.2 Mutually Exclusive Events


Events that have no outcomes in common are called mutually exclusive. If
events A and B are mutually exclusive, then they cannot both occur on the same
trial of an experiment and P (A ∩ B) = 0. Figure 4.4 shows a Venn Diagram in
which A and B are mutually exclusive.


Mutually exclusive events are sometimes called disjoint events.
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Figure 4.4: Two mutually exclusive events.


4.3.3 The Union of Events and the Addition Rule


The union of events A and B is the event that either A or B or both occurs. The
union is denoted by A ∪ B, or sometimes simply A or B. Figure 4.5 illustrates
the union of two events.


Figure 4.5: The shaded region represents A ∪B, the union of events A and B.


The probability of the union of two events can be found with the addition rule:


P (A ∪B) = P (A) + P (B)− P (A ∩B)


(When P (A) and P (B) are added, the probability of the intersection is included
twice. Since the probability of the intersection should be included only once, it
needs to be subtracted from the sum of the individual probabilities.)


Note that if A and B are mutually exclusive, then P (A∩B) = 0 and the addition
rule simplifies to: P (A ∪B) = P (A) + P (B).


We are sometimes interested in unions and intersections of more than two events.
The union of a number of events is the event that at least one of these events
occurs. The intersection of a number of events is the event that all of these events
occur. The union and intersection of 3 events are illustrated in Figure 4.6.
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(a) The shaded region is A∪B∪
C


(b) The shaded region is A∩B∩
C


Figure 4.6: Venn diagrams illustrating the union and intersection of 3 events.


4.3.4 Complementary Events


The complement of an event A, denoted by Ac, is the event that A does not
occur. (The complement is sometimes denoted by Ā or A′.) Ac is the set of all
outcomes that are not in A, as illustrated in Figure 4.7.


Figure 4.7: The shaded region represents Ac—the set of all outcomes that are
not in A.


A and Ac are mutually exclusive events that cover the entire sample space and
thus: P (A) + P (Ac) = 1 and P (Ac) = 1− P (A).


4.3.5 An Example


Let’s return to Example 4.1 to illustrate the concepts that we have discussed so
far. Recall that in this example a six-sided die is being rolled once and:


• Event E represents rolling a one, two, or three: E = {1, 2, 3}.







Balka ISE 1.10 4.3. RULES OF PROBABILITY 68


• Event F represents rolling a two, three, or four: F = {2, 3, 4}.
• Event G represents rolling a one or a five: G = {1, 5}.


Figure 4.8 shows the Venn diagram for these events.


G E F


2


3
15 4


6


Figure 4.8: Venn diagram illustrating events E, F , and G.


Q: What are the complements of these events and the probabilities of these
complements?


A: • Ec = {4, 5, 6}. P (Ec) = 3
6 = 1


2 .


• F c = {1, 5, 6}. P (F c) = 3
6 = 1


2 .


• Gc = {2, 3, 4, 6}. P (Gc) = 4
6 = 2


3 .


Q: What are the pairwise intersections of E, F , and G?


A: • E ∩ F = {2, 3}. (The numbers 2 and 3 are contained in both E and F.)
P (E ∩ F ) = 2


6 .


• E ∩G = {1}. (Only the number 1 is contained in both E and G.)
P (E ∩G) = 1


6 .


• F ∩G = {}. (The intersection is the empty set—there are no sample points
that are in both F and G. F and G are mutually exclusive.) P (F ∩G) = 0.


Q: What is the probability of the union of E and F?


A: E = {1, 2, 3} and F = {2, 3, 4}. The union of E and F is the set of all sample
points that are in E or F or both, so E ∪ F = {1, 2, 3, 4}, and P (E ∪ F ) = 4


6 .
Alternatively, we could have used the addition rule to find this probability:


P (E ∪ F ) = P (E) + P (F )− P (E ∩ F ) =
3


6
+


3


6
− 2


6
=


4


6


Now let’s move on to the important topic of conditional probability.
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4.3.6 Conditional Probability


Consider the following problems:


• A card is drawn from a well-shuffled 52 card deck. What is the probability
it is a king?


• A card is drawn from a well-shuffled 52 card deck. You catch a glimpse of
the card and see only that it is a face card (a jack, queen, or king). What
is the probability the card is a king, given it is a face card?


The first question is asking for the unconditional probability of drawing a king.
There are 4 kings in a standard deck of 52 cards, and all 52 cards are equally
likely, so the probability of drawing a king is 4


52 = 1
13 .


The second question is asking for the conditional probability of drawing a king,
given the information that the card is a face card. This additional information
should be incorporated into the probability calculation. There are 12 face cards
in a 52 card deck (4 jacks, 4 queens, and 4 kings). Knowing the card is a face
card has reduced the sample space to these 12 cards. Each of these 12 cards is
equally likely, and 4 of them are kings, so the conditional probability the card is
a king, given the card is a face card is 4


12 = 1
3 . The information that the card is


a face card has greatly increased the probability that it is a king.


Sometimes we work out conditional probabilities using a bit of logic, like we did
here. But to be more formal about it we can use the conditional probability
formula. The conditional probability of A, given B has occurred, is:2


P (A|B) =
P (A ∩B)


P (B)


(provided P (B) > 0).3 Figure 4.9 motivates the conditional probability formula
with a Venn diagram.


Depending on the situation at hand, P (A|B) may be greater than, less than, or
equal to P (A).


Example 4.5 Suppose we are about to roll a balanced six-sided die. What is
the probability we roll a 2, given we roll an even number?
2The vertical bar (“|”) can be read as “given”. An event that appears to the right of the vertical
bar is assumed to have occurred.


3We need to avoid division by zero problems by requiring that P (B) > 0, but this restriction
also arises naturally as it would make little sense to condition on an event that has no chance
of occurring.
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A B


Given that the outcome lies within
B (the grey circle), what is the 
probability that it also lies within A?


A∩B


Figure 4.9: Venn diagram motivation for the conditional probability formula:
P (A|B) = P (A∩B)


P (B) .


Let A be the event we roll a 2 (A = {2}) and B be the event we roll an even
number (B = {2, 4, 6}). We need to find P (A|B), and we can find this probability
by using a little logic or by using the conditional probability formula. Let’s find
this probability in both ways:


• (Without relying on the conditional probability formula.)
The information that the die comes up with an even number reduces the
sample space to the numbers 2, 4, and 6. Each of these 3 numbers is
equally likely, and only one of them (the number 2) results in event A, so
P (A|B) = 1


3 .


• (Using the conditional probability formula.)
A = {2}, B = {2, 4, 6}, and A ∩ B = {2}, so P (A) = 1


6 , P (B) = 3
6 , and


P (A ∩B) = 1
6 .


P (A|B) =
P (A ∩B)


P (B)


=
1/6


3/6


=
1


3


The information that the die has come up with an even number has resulted in
a doubling of the probability that it comes up with a 2.


Example 4.6 A card is drawn randomly from a standard 52 card deck.


Q: What is the probability the card is a jack?


A: Let J be the event the card is a jack. Four of the 52 cards in a standard deck
are jacks, so P (J) = 4


52 = 1
13 .
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Q: What is the conditional probability the card is a jack, given it is a heart?


A: Let H be the event the card is a heart. There are 13 hearts in a 52 card deck.
These 13 cards are equally likely, and one of them is a jack, so we can quickly
determine that P (J |H) = 1


13 .


To find this conditional probability using the conditional probability formula,
first note that P (H) = 13


52 and P (J ∩H) = 1
52 (only one card in the deck is both


a jack and a heart). Thus:


P (J |H) =
P (J ∩H)


P (H)


=
1/52


13/52


=
1


13


This example leads to a very important concept in probability and statistics, the
concept of independence. Here P (J |H) = P (J) (the information that event H
has occurred has not changed the probability of event J ), so we say that events
J and H are independent. Independence is the subject of the next section.


4.3.7 Independent Events


Let’s start with the formal definition of independence:


Events A and B are independent if and only if P (A ∩B) = P (A) · P (B).


Independence can be easier to understand if this definition is re-expressed in
terms of conditional probabilities. If A and B are independent events with non-
zero probabilities of occurring, then P (A|B) = P (A) and P (B|A) = P (B).4


When two events are independent, the occurrence or nonoccurrence of one event
does not change the probability of the other event.


It can help to understand the meaning of independence if we imagine betting
on one of the events. Suppose we have placed a wager on event A (we win the
wager if A occurs). If A and B are independent, then we would be indifferent


4If P (A∩B) = P (A)·P (B) and P (A) and P (B) are non-zero, then P (A|B) = P (A)·P (B)
P (B)


= P (A)


and P (B|A) = P (A)·P (B)
P (A)


= P (B). But P (A|B) is undefined if P (B) = 0, and P (B|A) is
undefined if P (A) = 0. The fact that the conditional probabilities can be undefined is one
reason why P (A ∩ B) = P (A) · P (B) is used instead of P (A|B) = P (A) as the definition of
independence in this text. Some sources use P (A|B) = P (A) as the definition of independence.
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to the information that event B has occurred, since this would not affect our
chances of winning the wager. If A and B are not independent, the information
that event B has occurred would be either good news or bad news for us, since
our probability of winning will have changed.


We are sometimes faced with the task of determining whether or not two events
are independent. If an event has a probability of occurring of 0, it is independent
of any other event.5 To check for independence when events have a non-zero
probability of occurring, we can check any one of the statements:


1) P (A ∩B) = P (A) · P (B)


2) P (A|B) = P (A)


3) P (B|A) = P (B)


These statements are either all true or all false. If any one of these statements
is shown to be true, then they are all true and A and B are independent. If
any one of these statements is shown to be false, then they are all false and A
and B are not independent. (If two events are not independent, they are called
dependent.)


Example 4.7 Suppose a balanced six-sided die is about to be rolled, and we
define the following events:


• A is the event that the die comes up with a 1 or a 2: A = {1, 2}.
• B is the event that the die comes up an even number: B = {2, 4, 6}.
• C is the event that the die comes up with anything but a 1: C = {2, 3, 4, 5, 6}.


Q: Are A and B independent?


P (A) = 2
6 and P (B) = 3


6 . Since A ∩B = {2}, P (A ∩B) = 1
6 .


P (A)×P (B) = 2
6 ×


3
6 = 1


6 . This equals P (A∩B), so A and B are independent.


Equivalently, we could have checked for independence using the conditional prob-
ability argument:


P (A|B) = P (A∩B)
P (B) = 1/6


3/6 = 1
3 . P (A|B) = P (A), so A and B are independent.


The information that the die has come up with an even number has not changed
the probability that the die has come up with a 1 or a 2.


Q: Are A and C independent?


P (A) = 2
6 and P (C) = 5


6 . Since A ∩ C = {2}, P (A ∩ C) = 1
6 .


5If P (A) = 0, then for any event B, P (A ∩B) = 0 and P (A) · P (B) = 0 · P (B) = 0, so A and
B are independent. But events with a probability of 0 are not usually of interest.
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P (A) × P (C) = 2
6 ×


5
6 = 10


36 . This differs from P (A ∩ C), so A and C are not
independent.


We could have used the conditional probability argument:


P (A|C) = P (A∩C)
P (C) = 1/6


5/6 = 1
5 . P (A|C) 6= P (A), so A and C are not independent.


The information that event C has occurred has made it less likely that event A
has occurred.


If you are curious to know what independence looks like on a Venn diagram, this
is discussed in Example 4.18 on page 81.


4.3.8 The Multiplication Rule


The conditional probability formula can be rearranged to obtain a formula for
the probability of the intersection of two events:


P (A ∩B) = P (A) · P (B|A)


= P (B) · P (A|B)


This is called the multiplication rule.


Example 4.8 Two cards are drawn without replacement from a standard deck.
What is the probability both cards are red?


Let R1 be the event that the first card is red, and R2 be the event that the second
card is red.


P (Both cards are red) = P (R1 ∩R2)


= P (R1)× P (R2|R1)


=
26


52
× 25


51


=
25


102


(On the first draw, the probability of getting a red card is 26
52 . But since we are


drawing cards without replacement, if the first card is red then on the second
draw there will be only 25 red cards in the 51 cards that remain.)


It is often helpful to illustrate scenarios involving the multiplication rule with a
tree diagram. Figure 4.10 is a tree diagram illustrating the 4 possible outcomes
for this example.
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First
card


Second
card


P (Rc1 ∩Rc2) =
26


52
· 25


51


Black
25
51


P (Rc1 ∩R2) =
26


52
· 26


51Red
26
51


Black
26
52


Second
card


P (R1 ∩Rc2) =
26


52
· 26


51


Black
26
51


P (R1 ∩R2) =
26


52
· 25


51Red
25
51


Red
26
52


Figure 4.10: A tree diagram illustrating the possible outcomes for Example 4.8.


The multiplication rule can be extended to more than two events. For example,
to find the probability of the intersection of events A, B, and C, we can use the
relationship:


P (A ∩B ∩ C) = P (A) · P (B|A) · P (C|A,B)


Example 4.9 In Lotto 6/49, 6 balls are randomly chosen without replacement
from 49 numbered balls. The order in which the balls are selected does not
matter; ticket holders win the jackpot if their six-number ticket matches the 6
numbers drawn. If a person buys a single ticket, what is the probability their six
numbers are picked?


Let M1 be the event that the first ball drawn matches one of the 6 numbers on
the ticket, M2 be the event that the second ball drawn matches one of the 6
numbers on the ticket, and so on. Then:6


P (All 6 balls match the ticket) = P (M1 ∩M2 ∩M3 ∩M4 ∩M5 ∩M6)


= P (M1)× P (M2|M1)× P (M3|M1,M2)× . . .× P (M6|M1,M2,M3,M4,M5)


=
6


49
× 5


48
× 4


47
× 3


46
× 2


45
× 1


44


=
1


13983816


6The first ball drawn needs to match one of the six numbers on the ticket. Given the first
ball matches one of these 6 numbers, the second ball needs to match one of the 5 remaining
numbers out of the 48 remaining possibilities, and so on.
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4.4 Examples


Let’s work through a few problems to consolidate some of the information we
have discussed so far.


Example 4.10 Suppose P (A) = 0.4, P (B) = 0.6, and A and B are indepen-
dent. What is the probability of the intersection of A and B?


Since A and B are independent, P (A ∩ B) = P (A) · P (B) = 0.4 · 0.6 = 0.24.
Figure 4.10 illustrates the Venn diagram for this example.


A∩Bc A∩B Ac∩B


0.16 0.24 0.36


(A∪B)c


0.24


Event A is represented by this circle


Event B is represented by this circle


Figure 4.11: The Venn diagram for Example 4.10. In this plot, the areas of the
regions within the circles are proportional to the probabilities of the events.


Verify the probabilities given in the Venn diagram. Note that P (A) = P (A ∩B) + P (A ∩Bc).
This is always true, and this relationship comes in handy at times.


Example 4.11 For two events A and B, P (A) = 0.70, P (B) = 0.30, and
P (A ∪B) = 0.80. What is the probability of A, given that B has occurred?


We need to find P (A|B) = P (A∩B)
P (B) . This requires P (B), which is given, and


P (A ∩B), which is not given directly.


Tempting as it may be, we cannot say that P (A∩B) = P (A)×P (B). This is only
true of independent events, and we do not yet know if A and B are independent.
We must find the probability of the intersection another way. There is no way of
finding the probability of the intersection from only the individual probabilities
(unless the two events are known to be independent).


The addition rule tells us that: P (A ∪ B) = P (A) + P (B) − P (A ∩ B), which
implies that 0.8 = 0.7 + 0.3− P (A ∩B), and P (A∩B) = 0.2. Thus,


P (A|B) =
P (A ∩B)


P (B)
=


0.2


0.3
=


2


3
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Note that P (A|B) 6= P (A), and thus A and B are not independent.


Example 4.12 An important satellite guidance system relies on a component
that has a 0.4 probability of failure. This probability is unacceptably large, so
designers put in five independent back-up components (each component has the
same probability of failure). The guidance system works properly as long as at
least one of the six components works.


Q: What is the probability that all six components work?


A: P (All 6 work) = P (All six do not fail) = (1− 0.4)6 = 0.0467.


But this probability is not very interesting; we care little about the probability
that all of the components function properly. Given the nature of the problem,
we are most interested in finding the probability that the guidance system works
properly.


Q: What is the probability that the guidance system works properly?


A:


P (Guidance system works) = P (At least one component works)
= 1− P (All components fail)


= 1− 0.46


= 0.9959


Note that even though the probability of failure for an individual component is
large, the overall probability of failure is small if we need only one of 6 components
to function properly.


As a side note, it is easy to state independence, but much harder to achieve. In
practical cases, it may be difficult to have these components working indepen-
dently. For example, they may need to be connected to the same power supply,
or they may be in close proximity where one cause of failure—a fire, say—could
take them all out at once.


Example 4.13 A set of old Christmas tree lights are connected in series—if any
one of the 20 bulbs fails, the string of lights does not work. Suppose that the
probability each individual bulb does not work is 0.03, and the individual bulbs
can be considered independent. What is the probability the set of lights works?


Here the probability that all bulbs work is meaningful to us:


P (Set of lights works) = P (All 20 bulbs work) = (1− 0.03)20 = 0.5438
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Example 4.14 Each person has one of 8 blood types. Table 4.1 gives the dis-
tribution of blood types for Canadians.7


A B AB O
Rh positive 0.36 0.076 0.025 0.39
Rh negative 0.06 0.014 0.005 0.07


Table 4.1: The proportion of Canadians with each blood type. Each person falls
into one and only one of these 8 categories.


(36% of the Canadian population has blood type A+, 7% of the Canadian pop-
ulation has blood type O–, etc.)


Q: Suppose a Canadian is randomly selected. What is the probability that they
have a positive Rh factor?


Since the 8 blood types are mutually exclusive, we add the probability of all
blood types that have a positive Rh factor:


P (Rh+) = 0.36 + 0.076 + 0.025 + 0.39 = 0.851


Q: Suppose a Canadian is randomly selected. What is the conditional probability
they have a positive Rh factor, given they have blood type O?


P (Rh+|O) =
P (Rh+ ∩O)


P (O)
=


0.39


0.39 + 0.07
≈ 0.85


(Note that this is very close to P (Rh+). The Rh factor and the ABO blood type
are genetic traits that are inherited independently.)


Q: Suppose that a hospital is in desperate need of blood for a patient with blood
type B–. People with blood type B– can safely receive a transfusion only from
a donor with blood type B– or blood type O–. Ten people volunteer to donate
blood, and suppose that these 10 volunteers can be thought of as a random
sample from the Canadian population. What is the probability that the hospital
gets the blood type they require from among these 10 volunteers?


The probability that any individual volunteer has the correct blood type is:


P (B– ∪O–) = P (B–) + P (O–) = 0.014 + 0.07 = 0.084


The hospital will not get the blood type they require only if all 10 volunteers
do not have blood types B– or O–. We are assuming that the volunteers can be
7As given on the Canadian Blood Services website. Accessed January 9, 2014.
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thought of as a random sample from the population, so they can be considered
independent, and thus:


P (All 10 volunteers do not have blood types B– or O–) = (1− 0.084)10 = 0.416


The probability that the hospital gets the blood type they require from at least
one of the volunteers is 1− 0.416 = 0.584.


Example 4.15 A study8 of births in Liverpool, UK, investigated a possible
relationship between maternal smoking during pregnancy and the likelihood of
a male birth. The results for 8960 singleton births are given in Table 4.2.


No smoking Light smoking Heavy smoking Total
Male birth 3192 947 478 4617
Female birth 2840 932 571 4343
Total 6032 1879 1049 8960


Table 4.2: Sex of the child and maternal smoking status during pregnancy for
8960 births.


Suppose one of these 8960 children is randomly selected.


Q: What is the probability the child is male?


Since we are randomly selecting the child, each one of these 8960 children is
equally likely to be chosen. The probability that the child is male is the number
of males divided by the total number of children:


P (Male) =
4617


8960
≈ 0.515


Q: What is the conditional probability the child is male, given their mother did
not smoke during the pregnancy?


We are given that the mother did not smoke during the pregnancy, so the sample
space is reduced to the 6032 children that had non-smoking mothers. Of these,
3192 are male, and so:


P (Male|No smoking) =
3192


6032
≈ 0.529


To find this probability using the conditional probability formula:


P (Male|No smoking) =
P (Male ∩No smoking)


P (No smoking)
=


3192/8960


6032/8960
=


3192


6032


8Koshy et al. (2010). Parental smoking and increased likelihood of female births. Annals of
Human Biology, 37(6):789–800.
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Q: What is the conditional probability the child is male, given their mother
smoked heavily during the pregnancy?


We are given that the mother smoked heavily during the pregnancy, so the sample
space is reduced to the 1049 children whose mothers smoked heavily. Of these,
478 are male, and so:


P (Male|Heavy smoking) =
478


1049
≈ 0.456


To find this probability using the conditional probability formula:


P (Male|Heavy smoking) =
P (Male ∩Heavy smoking)


P (Heavy smoking)
=


478/8960


1049/8960
=


478


1049


Q: Are the following events independent?


A: The randomly selected child is male.
B: The randomly selected child’s mother smoked heavily during the pregnancy.


In the previous questions we found:


P (Male) =
4617


8960
≈ 0.515


P (Male|Heavy smoking) =
478


1049
≈ 0.456


P (Male) 6= P (Male|Heavy smoking), so these events are not independent.9


Example 4.16 Suppose we have the following information about events A, B,
and C:


P (A) = 0.44, P (B) = 0.29, P (C) = 0.31


P (A ∩B) = 0.12, P (A ∩ C) = 0.14, P (B ∩ C) = 0.05


P (A ∩B ∩ C) = 0.04.


The Venn diagram for this scenario is illustrated in Figure 4.16.


Q: One of the probabilities in the Venn diagram has been replaced by a question
mark. What is this missing probability?
9This is sample data, so it is highly unlikely that we would find P (A|B) = P (A), even if in
reality there is no relationship between maternal smoking and the sex of the baby. Later
on, we will learn techniques that allow us to assess whether or not sample data yields strong
evidence of a relationship.
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A B


C


0.04


0.08


0.10


0.22 0.16


0.16


?


0.23


Figure 4.12: The Venn diagram for Example 4.16.


Since P (B ∩ C) = 0.05, the missing value must be 0.05− 0.04 = 0.01.


Q: What is P (A ∪B ∪ C)?


The Venn diagram shows that P ((A∪B∪C)c) = 0.23, so P (A ∪B ∪ C) = 1− 0.23 = 0.77.
Alternatively, we can find this probability by summing the probabilities of all the
different regions in the Venn diagram that are part of the union:


P (A ∪B ∪ C) = 0.22 + 0.08 + 0.04 + 0.10 + 0.16 + 0.16 + 0.01 = 0.77


Q: Are the two events A ∩B and A ∩ C independent?


These two events are independent if and only if:


P (A ∩B)× P (A ∩ C) = P ((A ∩B) ∩ (A ∩ C))


We are given P (A ∩ B) = 0.12 and P (A ∩ C) = 0.14. P ((A ∩ B) ∩ (A ∩ C)) =
P (A ∩ B ∩ C) = 0.04. Since 0.12 × 0.14 6= 0.04, A ∩ B and A ∩ C are not
independent.


Example 4.17 Suppose you go on 20 job interviews over a short period of time.
You feel that they all go astoundingly well, and you estimate that there is an
80% chance you will be offered each individual job. (Your subjective probability
of being offered each job is 0.8.) You are turned down on the first 19 jobs. What
is the probability you get a job offer on the 20th one?


The probability that you get a job offer is probably small. If your original
assessment of an 80% chance of a job offer on each job is true, and the job offers
are independent, and there is no time effect, then you have an 80% chance of
getting the last job offer. However, since the probability of getting rejected for
the first 19 jobs is minuscule under your original assessment, you probably vastly
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overestimated your chances of getting a job in the first place. Work on your
interview skills, beef up your resume, and keep trying.


Example 4.18 When introduced to the concept of independence, people often
want to know what independence looks like on a Venn diagram. Unfortunately,
standard Venn diagrams are not useful for visually determining probabilities, as
the sizes of the circles have no meaning. It can help to visualize independence
if we force each area in a Venn diagram to equal its probability of occurrence.
Let’s do so for an example. Suppose P (A) = 0.40, P (B) = 0.30, P (C) = 0.30,
P (A|B) = 0.40, and P (A|C) = 2


3 . Here we will investigate the AB and AC pairs
individually and ignore the BC pair. Note that A and B are independent, but
A and C are not. Figure 4.13 illustrates the Venn diagrams for these pairs of
events.10 The area of each rectangle is 1, and the area of each region is equal to
its probability of occurrence.


A B


(a) A and B are independent
events. P (A|B) = P (A) and
P (B|A) = P (B).


A C


(b) A and C are dependent
events. P (A|C) > P (A) and
P (C|A) > P (C).


Figure 4.13: Venn diagrams for Example 4.18.


In Figure 4.13, since A and B are independent, the area of their intersection is
equal to the product of the area of the circles. (They were plotted in this fashion,
but it is impossible to determine this precisely just from looking at the plot.)
A and C are not independent, and their intersection is bigger than it would be
under independence.


Areas of circles and their intersections are impossible to determine accurately
by eye, so let’s try representing events with rectangles instead of circles. In
Figure 4.14, each square has an area of 1, and the area of each rectangle is equal
to the probability of the event. This type of plot makes it much easier to visually
assess whether or not two events are independent.
10These plots were created with the R package venneuler.
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A
0.40


Ac


0.60


B
0.30


Bc


0.70
C


0.30
Cc


0.70


A∩B


0.12


A∩Bc


0.28


Ac∩B


0.18


Ac∩Bc


0.42


A∩C


0.20


A∩Cc


0.20


Ac∩C


0.10


Ac∩Cc


0.50


Figure 4.14: Plots for Example 4.18. A and B are independent events, but A
and C are dependent (P (A|C) > P (A) and P (C|A) > P (C)).


4.5 Bayes’ Theorem


4.5.1 Introduction


Bayes’ theorem is a conditional probability rule that is sometimes used to
update the probability of an event based on new information. Bayes’ theorem
follows directly from the probability rules that we have already discussed, but
there are wide-ranging implications. (Bayesian inference is a popular branch of
statistics that is based on Bayes’ theorem.) We will barely scratch the surface of
the implications of Bayes’ theorem.


In its simplest form, Bayes’ theorem is:


P (B|A) =
P (B) · P (A|B)


P (A)


provided P (A) > 0.


This form of Bayes’ theorem follows directly from the conditional probability
formula (P (B|A) = P (A∩B)


P (A) ) and the multiplication rule (P (A ∩ B) = P (B) ·
P (A|B)).
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Note that Bayes’ theorem switches the conditioning ; P (B|A) is found from
P (A|B), P (A), and P (B). It can sometimes feel troubling interpreting a prob-
ability obtained from Bayes’ theorem, as it sometimes feels that we are working
backwards. (We may find P (Cause|Effect) using P (Effect|Cause).)


A more general form of Bayes’ theorem is discussed in Section 4.5.2. Let’s first
look at a simple but classic example involving Bayes’ theorem.


Example 4.19 A certain disease affects 0.5% of a population. A diagnostic
test for this disease is available, but the test is not perfectly accurate. When a
person that has the disease is tested, the test is positive with probability 0.94.
When a person that does not have the disease is tested, the test is positive with
probability 0.02.11


Suppose a person is randomly selected from this population and tested for the
disease. Let’s answer two questions:


1. What is the probability that they test positive for the disease?
2. Given the test is positive, what is the probability that the person has the


disease?


The second question can be answered with Bayes’ theorem. The answer to the
first question is part of the Bayes’ theorem calculation.


Let D represent the event that the person has the disease, and T represent the
event that the person tests positive. (Dc is the event that the person does not
have the disease, and T c is the event that they test negative.) We are given
P (D) = 0.005, P (T |D) = 0.94 and P (T |Dc) = 0.02. A tree diagram for this
scenario is illustrated in Figure 4.15.


The probability that a randomly selected person tests positive is:


P (T ) = P (D ∩ T ) + P (Dc ∩ T )


= P (D) · P (T |D) + P (Dc) · P (T |Dc)


= 0.005 · 0.94 + (1− 0.005) · 0.02


= 0.0246


(This is the sum of the probabilities of the paths in the tree diagram that yield
a positive test.)


Now let’s answer the question: If a randomly selected person tests positive, what
is the probability that they have the disease?
11When a person that has the disease is tested, the test gives a false negative with probability
0.06. When a person that does not have the disease is tested, the test gives a false positive
with probability 0.02.
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Disease?


Positive
test?


P (Dc ∩ T c) = 0.995 · 0.98


T c


0.98


P (Dc ∩ T ) = 0.995 · 0.02 (Positive Test)T
0.02


Dc


0.995


Positive
test?


P (D ∩ T c) = 0.005 · 0.06


T c


0.06


P (D ∩ T ) = 0.005 · 0.94 (Positive Test)T
0.94


D
0.005


Figure 4.15: The tree diagram for Example 4.19. D represents having the disease
and T represents a positive test.


The person has tested positive, so we know that either the first branch or third
branch in the tree diagram has occurred. Given that information, what is the
probability the person has the disease? We can find the answer using Bayes’
theorem:12


P (D|T ) =
P (D ∩ T )


P (T )


=
P (D) · P (T |D)


P (T )


=
P (D) · P (T |D)


P (D) · P (T |D) + P (Dc) · P (T |Dc)


=
0.005 · 0.94


0.005 · 0.94 + (1− 0.005) · 0.02


= 0.191


(The numerator in this calculation is the probability of the branch in the tree
diagram that results in both the disease and positive test. The denominator is
the sum of the probabilities of the branches that result in a positive test.)


The original probability that the person has the disease was 0.005, but based on
the information that they tested positive, the updated probability is now 0.191.
12This is an application of Bayes’ theorem, but we need not have heard of Bayes’ theorem to
find this probability—we can find it using the probability rules of this chapter.
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Bayes’ theorem allows us to update the probability of an event based on new
information.


In this example, it is still unlikely that the person has the disease, even after
testing positive. When people are shown this question and asked to estimate
the probability that the person has the disease given a positive test, most people
estimate that the probability is much greater than it is. (This question is often
used to illustrate that our intuition about probabilities can sometimes lead us
astray.) The person did test positive after all, but there is less than a 20%
chance that they have the disease. How can that be? One of two unlikely events
occurred:


1. The randomly selected person has the disease and they tested positive.
This is very unlikely, as only 0.5% of the population has the disease.


2. The randomly selected person does not have the disease, but the test gave
a false positive. This is also unlikely, as the probability of a false positive
is only 0.02 if the person does not have the disease.


Before we knew the results of the test, either one of these occurrences was very
unlikely. But we know the test was positive, so one of them happened. (The
sample space has been reduced to these 2 outcomes.) The conditional probability
that the person has the disease given a positive test is the probability of outcome
1 divided by the sum of the probabilities of these 2 outcomes. In this example it
is much more likely the test was a false positive than the person has the disease.


Now let’s look at a more general form of Bayes’ theorem.


4.5.2 The Law of Total Probability and Bayes’ Theorem


Let’s first look at an example of the law of total probability. Suppose B1, B2,
and B3 are mutually exclusive and exhaustive events, and A is another event.
This scenario is illustrated in Figure 4.16.


The Venn diagram illustrates that:


P (A) = P (A ∩B1) + P (A ∩B2) + P (A ∩B3)


Applying the multiplication rule:13


P (A) = P (B1) · P (A|B1) + P (B2) · P (A|B2) + P (B3) · P (A|B3)


13P (A ∩Bi) = P (Bi) · P (A|Bi) for all i.
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B1 B2 B3


A∩B1 A∩B2 A∩B3


Figure 4.16: B1, B2, and B3, represented by 3 rectangles, are mutually exclusive
events that span the sample space. Event A is represented by the red ellipse.


In the general case, ifB1, B2, . . . , Bk are mutually exclusive and exhaustive events
(exactly one of them must occur), then for any event A:


P (A) =


k∑
i=1


P (Bi) · P (A|Bi)


This is called the law of total probability.


The general form of Bayes’ theorem is derived from the conditional probability
formula, the multiplication rule, and the law of total probability.


Bayes’ theorem:


If B1, B2, . . . , Bk are mutually exclusive and exhaustive events, then for any event
A:


P (Bj |A) =
P (Bj) · P (A|Bj)∑k
i=1 P (Bi) · P (A|Bi)


provided P (A) > 0.


The following example illustrates the calculations involved.


Example 4.20 Three machines make parts at a factory. Suppose we know the
following about the manufacturing process:


• Machine 1 makes 60% of the parts
• Machine 2 makes 30% of the parts
• Machine 3 makes 10% of the parts


• Of the parts Machine 1 makes, 7% are defective
• Of the parts Machine 2 makes, 15% are defective
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• Of the parts Machine 3 makes, 30% are defective


Q: A part is randomly selected. What is the probability that it is defective?


Let M1,M2 and M3 represent the events that the part came from Machine 1,
2, and 3, respectively. Let D represent the event that the part is defective. We
have been given:


P (M1) = 0.60, P (M2) = 0.30, P (M3) = 0.10


P (D|M1) = 0.07, P (D|M2) = 0.15, P (D|M3) = 0.30.


The tree diagram for this scenario is illustrated in Figure 4.17.


Machine


Defective?


P (M3 ∩Dc) = 0.1 · 0.7
Dc


0.7


P (M3 ∩D) = 0.1 · 0.3 = 0.03 (Defective)D


0.3


M3


0.1


Defective?


P (M2 ∩Dc) = 0.3 · 0.85


Dc


0.85


P (M2 ∩D) = 0.3 · 0.15 = 0.045 (Defective)D


0.15M2


0.3


Defective?


P (M1 ∩Dc) = 0.6 · 0.93


Dc


0.93


P (M1 ∩D) = 0.6 · 0.07 = 0.042 (Defective)D


0.07


M1


0.6


Figure 4.17: Tree diagram for Example 4.20.


M1, M2, and M3 are mutually exclusive events (each part is made by only one
machine), and exhaustive (these three machines make all the parts), so the prob-
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ability that the part is defective can be found using the law of total probability:


P (D) = P (M1 ∩D) + P (M2 ∩D) + P (M3 ∩D)


= P (M1)P (D|M1) + P (M2)P (D|M2) + P (M3)P (D|M3)


= 0.60 · 0.07 + 0.30 · 0.15 + 0.10 · 0.30


= 0.117


(This is the sum of the probabilities of the 3 branches in the tree diagram that
result in a defective part.)


Q: A part is randomly selected and found to be defective. What is the probability
that it came from Machine 1?


We need to find P (M1|D). Since M1, M2, and M3 are mutually exclusive
and exhaustive, and we have been given the conditional probabilities P (D|M1),
P (D|M2), P (D|M3), we can use Bayes’ theorem to find P (M1|D):


P (M1|D) =
P (M1 ∩D)


P (D)


=
P (M1)P (D|M1)


P (M1)P (D|M1) + P (M2)P (D|M2) + P (M3)P (D|M3)


=
0.60 · 0.07


0.60 · 0.07 + 0.30 · 0.15 + 0.10 · 0.30


= 0.359


The original probability that the part came from Machine 1 is 0.60 (our prior
assessment of the probability), but based on the additional information that the
part is defective, the probability is now only 0.359 (our posterior assessment of
the probability). The information that the part is defective has made it less
likely that it came from Machine 1. This should not come as a big surprise, since
Machine 1 makes proportionally fewer defectives than the other two machines.


Most people have an easier time working through these types of problems using
the tree diagram approach rather than relying on the Bayes’ theorem formula.


4.6 Counting rules: Permutations and Combinations


In this section we will briefly discuss permutations and combinations. The permu-
tations and combinations formulas can be used to quickly calculate the number
of possible outcomes in some scenarios, and so they can be helpful in probability
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calculations. The combinations formula arises in a variety of settings, and we
will use it in Chapter 5 when we discuss the hypergeometric distribution and
the binomial distribution.


4.6.1 Permutations


A permutation is an ordering of a set of items.


Q: In how many ways can the letters a, b, and c be ordered if each letter is to be
used once?


To find the answer, we could list the possibilities:


cbab


caba
c bcac


bacab


acbc
abcb


a


We find that there are 6 permutations. But listing the possibilities would get
rather cumbersome if there were more letters. Fortunately, we don’t have to list
the possibilities to know how many possibilities there are. Here, the first letter in
the ordering is one of 3 possibilities, and once the first letter is chosen, the next
letter is one of 2 possibilities, and once we know the first two letters, there is only
one possibility for the third. So the number of possible orderings is 3×2×1 = 6.


In general, the number of ways of ordering n distinct items is:


n! = n(n− 1) · · · 2 · 1


(n! is read as n factorial.)


Q: How many ways are there of ordering the letters a, b, c, d, e, f, g, h, i, j ?


There are 10 letters, so the number of permutations is:


10! = 10× 9× 8× 7× 6× 5× 4× 3× 2× 1 = 3, 628, 800


Q: How many ways are there of selecting 3 letters from 10 letters, if the order of
selection matters?
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The first letter can be one of 10 possibilities, the second one of 9, and the third
one of 8, so the number of ways 3 letters can be chosen from 10 if order matters
is 10× 9× 8 = 720. Note:


10!


(10− 3)!
=


10!


7!
=


10 · 9 · 8 · 7 · 6 · 5 · 4 · 3 · 2 · 1
7 · 6 · 5 · 4 · 3 · 2 · 1


= 10× 9× 8


This leads to a general formula for the number of permutations. In general,
the number of ways x items can be chosen from n distinct items if the order of
selection matters is:


Pnx =
n!


(n− x)!


Example 4.21 Four bus drivers are to be chosen from a pool of 9 bus drivers
and assigned to 4 different routes. In how many ways can this be done?


The bus drivers are being assigned to different routes, so the ordering of the bus
drivers has meaning. The number of ways of assigning the bus drivers is:


P 9
4 =


9!


(9− 4)!
=


362880


120
= 3024


We will sometimes need to calculate 0!, and it is not obvious what the appropriate
value should be. But the formulas work properly if we let 0! = 1. For example,
the number of ways of ordering n items chosen from n distinct items is:


n!


(n− n)!
=
n!


0!
= n!


This is the correct value. So, by definition, 0! = 1.


4.6.2 Combinations


In many situations, the order of selection is not meaningful to us—we care only
about which items are selected. For example, when dealt a five-card poker hand,
we care only about which cards we receive, and not the order in which we receive
them. A combination is a set of selected items in which the order of selection
does not matter. In probability calculations, we are very often interested in the
number of possible combinations.


The number of ways x items can be chosen from n distinct items, if the order of
selection does not matter is:


Cnx =
n!


x!(n− x)!







Balka ISE 1.10 4.7. PROBABILITY AND THE LONG RUN 91


Note that there are x! ways of ordering the x items that are chosen, and thus


Cnx =
Pnx
x!


. (The number of combinations is the number of permutations divided
by x!)


The symbol
(
n
x


)
is often used as alternative notation for Cnx . We will use this


alternative notation for the remainder of this text.


Example 4.22 In Example 4.9, we calculated the probability of winning the
grand prize in Lotto 6/49 using the multiplication rule. It is a little simpler to
calculate this probability using the combinations formula. Recall that in Lotto
6/49, 6 numbered balls are randomly chosen without replacement from 49. The
order in which the balls are selected does not matter; ticket holders win the grand
prize if their six-number ticket matches the 6 numbers drawn.


Q: If a single ticket is purchased, what is the probability it wins the grand prize?


A: Six items are chosen from 49 distinct items, and the order of selection does
not matter, so we can use the combinations formula to determine the number of
possibilities. There are


(
49
6


)
= 49!


6!(49−6)! = 13, 983, 816 possible sets of 6 numbers.
Each of these possibilities is equally likely to be drawn, so the probability of
winning on any single ticket is 1


13,983,816 .


Q: If two tickets are purchased, what is the probability that one of them wins
the grand prize?


A:
2


13, 983, 816
(Assuming, of course, that the purchaser does not pick the same


set of six numbers on both tickets.)14


Most calculators (and statistical software) have functions that calculate the num-
ber of combinations for a given n and x. It is strongly recommended that you
learn how to use your calculator or software to carry out these calculations.


4.7 Probability and the Long Run


People often have misconceptions when it comes to probability and the long run,
thinking that things must even out in the end. Although in a very specific way
that notion is true, the concept is often misinterpreted. In this section we will
14A woman named Mary Wollens once loved her Lotto 6/49 numbers so much, she went back
to buy the same numbers again. She ended up winning, and had to share the jackpot with
one other winner. Her two tickets earned her 2/3 of the $24M jackpot!



http://cnews.canoe.ca/CNEWS/Lotteries/LotteryNews/2006/10/03/1943151.html
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briefly investigate what the law of large numbers tells us about the long run
proportion of times an event occurs.


An implication of the law of large numbers is that if an experiment were to be
performed repeatedly, the proportion of times an event occurs must tend towards
the event’s probability of occurrence.15


Example 4.23 Suppose we toss a fair coin repeatedly. As the number of tosses
increases, the proportion of times heads occurs must tend toward 0.5. Figure 4.18
illustrates a series of 1000 simulated coin tosses.
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Figure 4.18: The proportion of heads in a series of 1000 tosses of a fair coin.


The proportion of times heads occurs appears to tend toward 0.5. Over the long
run, it must do so. (But 1000 tosses does not represent the long run!)


However, even as the proportion of heads tends toward the theoretical probability
of heads, the absolute difference between the number of heads and tails can
increase. For example, consider the made-up data in Table 4.3. Even though the


Number of tosses Number of heads Proportion of heads |Heads− Tails|
10 7 0.7 7− 3 = 4
100 60 0.6 60− 40 = 20
1,000 550 0.55 550− 450 = 100
10,000 5,120 0.512 5120− 4880 = 240


Table 4.3: Example of the difference increasing while the proportion tends to
0.5.


15As the number of trials tends to infinity, the proportion of times an event occurs must
approach its probability of occurrence. In fact, it must get within any small number we can
pick. The proportion must get within 0.0000001 of the true probability, and within 10−34,
and within any value much smaller still.
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proportion of heads is tending toward the theoretical 1
2 , the difference between


the number of heads and tails increases.


Example 4.24 Suppose two people, A and B, are betting $1 on each toss of a
coin. Player A wins $1 if the coin comes up heads, and loses $1 if the coin comes
up tails. Figure 4.19 illustrates the results of a simulation of 100,000 coin tosses.


Even in pure randomness, we often see things that look like real trends. Here
Player B is on a roll, up $608 betting $1 a time on fair tosses.16 Granted, it
has taken 100,000 tosses to get there. The difference is small relative to the
number of tosses—the proportion of times tails occurred is only 0.50304. But
the absolute difference between the number of heads and number of tails is large.
There is no reason to believe the two players will be close to even, especially after
a very large number of tosses. If you are player A in the above scenario, you are
down $608, betting $1 on tosses of a fair coin. You are unlikely to be comforted
by the fact that your proportion of wins is tending toward the theoretical 0.50.
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Figure 4.19: A lucky run for tails.


16Although this simulation may appear to be very extreme, it is not. It can be shown that one
of the players will be up this much or more at the end of 100,000 trials more than 5% of the
time.
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4.8 Chapter Summary


The sample space of an experiment, represented by S, is the set of all possible
outcomes of the experiment. The individual outcomes in the sample space are
called sample points. An event is a subset of the sample space (a collection
of sample points).


If all of the sample points are equally likely, then the probability of an event A
is:


P (A) =
Number of sample points that make up A


Total number of sample points


The intersection of events A and B is the event that both A and B occur. The
intersection of events A and B is denoted by A ∩ B, A and B, or simply AB.
Events are mutually exclusive if they have no events in common. (A and B
are mutually exclusive if and only if P (A ∩B) = 0).


The union of events A and B is the event that either A or B or both occurs. The
union is denoted by A∪B, or sometimes simply A or B. To find the probability
of the union of two events, we can use the addition rule:


P (A ∪B) = P (A) + P (B)− P (A ∩B)


The complement of an event A, denoted by Ac, is the event that A does not
occur. Ac is the set of all outcomes that are not in A. A and Ac are mutually
exclusive events that cover the entire sample space and thus: P (A) +P (Ac) = 1
and P (Ac) = 1− P (A).


The conditional probability of event A, given that B has occurred, is:


P (A|B) =
P (A ∩B)


P (B)


(provided P (B) > 0).


The formal definition of independence:


Events A and B are independent if and only if P (A ∩B) = P (A) · P (B).


For events with non-zero probability, this implies that P (A|B) = P (A) and
P (B|A) = P (B). When two events are independent, the occurrence or nonoc-
currence of one event does not change the probability of the other event. We can
use any of the following as a check for independence:


• P (A ∩B) = P (A) · P (B)
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• P (A|B) = P (A)


• P (B|A) = P (B)


The number of ways x items can be chosen from n distinct items if the order of
selection matters is Pnx = n!


(n−x)!


The number of ways x items can be chosen from n distinct items, if the order of
selection does not matter is Cnx = n!


x!(n−x)!
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This is a complete list of available videos and descriptions. Some videos are on
material not covered in 2040. At the start of each set of lecture outlines I give a
list of videos for the chapter and state which ones are not required in 2040.


1 Descriptive Statistics


1.1 Measures of Central Tendency (8:31)


Measures of Central Tendency (8:31) (http://youtu.be/NM_iOLUwZFA)


A brief introduction to measures of central tendency. The mean, median, and mode
are introduced and calculated for a simple example. The relationship between the
mean and median for different shapes of distributions is then discussed.


The guinea pig survival time data can be found in:
Doksum, K. (1974). Empirical probability plots and statistical inference for non-
linear models in the two-sample case. Annals of Statistics, 2:267–277.


1.2 Measures of Variability (12:12)


Measures of Variability (12:12) (http://youtu.be/Cx2tGUze60s)


An introduction to measures of variability. I discuss the range, mean absolute
deviation, variance, and standard deviation, and work through a simple example


1



http://youtu.be/NM_iOLUwZFA

http://youtu.be/NM_iOLUwZFA

http://youtu.be/Cx2tGUze60s

http://youtu.be/Cx2tGUze60s
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of calculating these quantities. I then discuss interpreting the standard deviation,
including a brief discussion of the empirical rule.


The birth weight data is from random sample of 1000 males drawn from Table
7-2 (Live births, by birth weight and geography – Males) of the Statistics Canada
publication 84F0210X, available at http://www.statcan.gc.ca/pub/84f0210x/
2009000/t011-eng.htm.


1.3 The Sample Variance: Why Divide by n-1? (6:53)


The Sample Variance: Why Divide by n-1? (6:53) (http://youtu.be/9ONRMymR2Eg)


An informal discussion of why we divide by n− 1 in the sample variance formula.
I give some motivation for why we should divide by something less than n, and
(casually) discuss the concept of degrees of freedom (in the context of the sample
variance). I have another video with a mathematical proof that dividing by n− 1
results in an unbiased estimator of the population variance, available at http:
//youtu.be/D1hgiAla3KI.


1.4 Z-Scores (As a Descriptive Measure of Relative Standing)
(8:08)


Z-Scores (As a Descriptive Measure of Relative Standing) (8:08) (http://youtu.
be/EhUvGRddC4M)


An introduction to z-scores as a descriptive measure of relative standing. (I don’t
do any probability calculations in this video.) I do a simple calculation example,
discuss the empirical rule in the context of z-scores, and illustrate what the z-score
tells us about how large or small an observation is.


The mean and standard deviation of the heights of American males is based on
information from:


McDowell MA, Fryar CD, Ogden CL, Flegal KM. Anthropometric reference data
for children and adults: United States, 2003-2006. National health statistics re-
ports; no 10. Hyattsville, MD: National Center for Health Statistics. 2008.


(The mean is taken directly from this document, and the standard deviation is
estimated based on the given percentiles.)



http://www.statcan.gc.ca/pub/84f0210x/2009000/t011-eng.htm

http://www.statcan.gc.ca/pub/84f0210x/2009000/t011-eng.htm

http://youtu.be/9ONRMymR2Eg

http://youtu.be/9ONRMymR2Eg

http://youtu.be/D1hgiAla3KI

http://youtu.be/D1hgiAla3KI

http://youtu.be/EhUvGRddC4M
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2.1 Introduction


In this chapter we will investigate a few important concepts in data collection.
Some of the concepts introduced in this chapter will be encountered throughout
the remainder of this text.


2.2 Populations and Samples, Parameters and Statis-
tics


In 1994 the Center for Science in the Public Interest (CSPI) investigated nutri-
tional characteristics of movie theatre popcorn, and found that the popcorn was
often loaded with saturated fats. The study received a lot of media attention,
and even motivated some theatre chains to change how they made popcorn.


In 2009, the CSPI revisited movie theatre popcorn.1 They found that in addi-
tion to the poor stated nutritional characteristics, in reality the popcorn served
at movie theatres was nutritionally worse than the theatre companies claimed.
What was served in theatres contained more calories, fat, and saturated fat than
was stated by the companies.


Suppose that you decide to follow up on this study in at your local theatre.
Suppose that your local movie theatre claims that a large untopped bag of their
popcorn contains 920 calories on average. You spend a little money to get a sam-
ple of 20 large bags of popcorn, have them analyzed, and find that they contain
1210 calories on average. Does this provide strong evidence that the theatre’s
claimed average of 920 calories false? What values are reasonable estimates of
the true mean calorie content? These questions cannot be answered with the
information we have at this point, but with a little more information and a few
essential tools of statistical inference, we will learn how to go about answering
them.


To speak the language of statistical inference, we will need a few definitions:


• Individuals or units or cases are the objects on which a measurement is
taken. In this example, the bags of popcorn are the units.


• The population is the set of all individuals or units of interest to an
investigator. In this example the population is all bags of popcorn of this
type. A population may be finite (all 25 students in a specific kindergarten


1http://www.cspinet.org/nah/articles/moviepopcorn.html



http://www.cspinet.org/nah/articles/moviepopcorn.html
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class, for example) or infinite (all bags of popcorn that could be produced
by a certain process, for example).2


• A parameter is a numerical characteristic of a population. Examples:


– The mean calorie content of large bags of popcorn made by a movie
theatre’s production process.


– The mean weight of 40 year-old Canadian males.
– The proportion of adults in the United States that approve of the way


the president is handling his job.


In practice it is usually impractical or impossible to take measurements
on the entire population, and thus we typically do not know the values
of parameters. Much of this text is concerned with methods of parameter
estimation.


• A sample is a subset of individuals or units selected from the population.
The 20 bags of popcorn that were selected is a sample.


• A statistic is a numerical characteristic of a sample. The sample mean of
the 20 bags (1210 calories) is a statistic.


In statistical inference we attempt to make meaningful statements about popu-
lation parameters based on sample statistics. For example, do we have strong
evidence that a food item’s average calorie content is greater than what the
producer claims?


A natural and important question that arises is: How do we go about obtaining a
proper sample? This is often not an easy question to answer, but there are some
important considerations to take into account. Some of these considerations will
be discussed in the following sections.


2.3 Types of Sampling


Suppose a right-wing radio station in the United States asks their listeners to
call in with their opinions on how the president is handling his job. Eighteen
people call in, with sixteen saying they disapprove.
2Sometimes the term population is used to represent the set of individuals or objects, and
sometimes it is used to represent the set of numerical measurements on these individuals or
objects. For example, if we are interested in the weights of 25 children in a specific kindergarten
class, then the term population might be used to represent the 25 children, or it might be
used to represent the 25 weight measurements on these children. In practice, this difference
is unlikely to cause any confusion.
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How informative is this type of sample? If we are hoping to say something about
the opinion of Americans in general, it is not very informative. This sample is
hopelessly biased (not representative of the population of interest). We might say
that the sampled population is different from the target population. (Listeners
of a right-wing radio station are not representative of Americans as a whole.)


What if we consider the population of interest to be listeners of this right-wing
radio station? (Which would be the case if we only wish to make statements
about listeners of this station.) There is still a major issue: the obtained sample
is a voluntary response sample (listeners chose whether to respond or not—
they self-selected to be part of the sample). Voluntary response samples tend to
be strongly biased; individuals are more likely to respond if they feel very strongly
about the issue and less likely to respond if they are indifferent. Student course
evaluations are another example of a voluntary response sample, and individuals
that love or hate a professor may be more likely to fill in a course evaluation
than those who think the professor was merely average.


Self-selection often results in a hopelessly biased sample. It is one potential
source of bias in a sample, but there are many other potential sources. For
example, an investigator may consciously or subconsciously select a sample that
is likely to support their hypothesis. This is most definitely something an honest
statistician tries to avoid.


So how do we avoid bias in our sample? We avoid bias by randomly selecting
members of the population for our sample. Using a proper method of random
sampling ensures that the sample does not have any systematic bias. There are
many types of random sampling, each with its pros and cons. One of the simplest
and most important random sampling methods is simple random sampling. In
the statistical inference procedures we encounter later in this text, oftentimes the
procedures will be appropriate only if the sample is a simple random sample
(SRS) from the population of interest. Simple random sampling is discussed in
the next section.


2.3.1 Simple Random Sampling


Simple random sampling is a method used to draw an unbiased sample from
a population. The precise definition of a simple random sample depends on
whether we are sampling from a finite or infinite population. But there is one
constant: no member of the population is more or less likely to be contained in
the sample than any other member.


In a simple random sample of size n from a finite population, each possible sample
of size n has the same chance of being selected. An implication of this is that
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every member of the population has the same chance of being selected. Simple
random samples are typically carried out without replacement (a member of the
population cannot appear in the sample more than once).


Example 2.1 Let’s look at a simple fictitious example to illustrate simple ran-
dom sampling. Suppose we have a population of 8 goldfish:


Goldfish number 1 2 3 4 5 6 7 8
Goldfish name Mary Hal Eddy Tony Tom Pete Twiddy Jemmy


With such a small population size we may be able to take a measurement on every
member. (We could find the mean weight of the population, say, since it would
not be overly difficult or time consuming to weigh all 8 goldfish.) But most often
the population size is too large to measure all members. And sometimes even for
small populations it is not possible to observe and measure every member. In
this example suppose the desired measurement requires an expensive necropsy,
and we have only enough resources to perform three necropsies. We cannot afford
to measure every member of the population, and to avoid bias we may choose
to draw a simple random sample of 3 goldfish. How do we go about drawing a
simple random sample of 3 goldfish from this population? In the modern era, we
simply get software to draw the simple random sample for us.34


The software may randomly pick Mary, Tony, and Jemmy. Or Pete, Twiddy,
and Mary, or any other combination of 3 names. Since we are simple random
sampling, any combination of 3 names has the same chance of being picked. If
we were to list all possible samples of size 3, we would see that there are 56
possible samples. Any group of 3 names will occur with probability 1


56 , and any
individual goldfish will appear in the sample with probability 3


8 .
5


Many statistical inference techniques assume that the data is the result of a sim-
ple random sample from the population of interest. But at times it is simply
not possible to carry out this sampling method. (For example, in practice we
couldn’t possibly get a simple random sample of adult dolphins in the Atlantic
ocean.) So at times we may not be able to properly randomize, and we may
simply try to minimize obvious biases and hope for the best. But this is danger-
ous, as any time we do not carry out a proper randomization method, bias may
be introduced into the sample and the sample may not be representative of the
3For example, in the statistical software R, if the names are saved in an object called gold-
fish.names, the command sample(goldfish.names,3) would draw a simple random sample
of 3 names.


4In the olden days, we often used a random number table to help us pick the sample.
Although random number tables are still used today, it is typically a little easier to carry out
the sampling using software.


5In general, if we are selecting a sample of n individuals from a population of N individuals,
then any one individual has a n


N
chance of being selected in the sample.
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population. Even if the nature of the bias is not obvious, it may still be strong
and lead to misleading results.


2.3.2 Other Types of Random Sampling


There are many other random sampling methods, and they are typically more
complicated than simple random sampling. We will very briefly look at two other
sampling methods here: stratified random sampling and cluster sampling.


Example 2.2 Suppose a polling group wants to randomly select 1000 adult
Canadians, and they want to ensure adequate representation from all ten provinces
of Canada. They conduct a simple random sample within each province, with
a sample size that is proportional to the population size in the province. The
results are then pooled together.


This type of sample is called a stratified random sample. The population was
divided into different strata (the provinces), then a simple random sample was
conducted within each stratum (province). An advantage of this design is that
adequate representation from each province is assured. If instead we chose to
carry out a simple random sample for the country as a whole, then there is
some chance that every single person in the sample comes from Ontario. Or no
person comes from Ontario. Although samples this extreme would be incredibly
unlikely, the chance mechanism leaves open the possibility that the different
regions are not adequately represented. Stratified random sampling eliminates
this possibility. If the population in question is made up of mutually exclusive
subgroups, where there are similarities within each subgroup, then stratified
random sampling might be a better way of going about our business.


Example 2.3 Suppose researchers wish to investigate substance abuse among
Inuit teenagers in small communities in the far north. The researchers randomly
select 8 small communities, then travel to each of those communities and survey
all teenagers.


This type of sample is a cluster sample. The population was divided into
clusters (the different communities), then the researchers drew a simple random
sample of clusters. Within each cluster, the researchers surveyed all members
of the population of interest6. An advantage of this type of sampling in this
situation is that the researchers need to travel to only 8 communities. Even if
conducting a simple random sample of Inuit teenagers were feasible, it would
involve travelling to more communities. A cluster sample such as this one may
save the researchers time and money.
6In cluster sampling, we might sample all individuals within each randomly selected cluster,
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The underlying mathematics behind stratified sampling and cluster sampling is
considerably more complicated than that of simple random sampling. We will
focus on the analysis of data resulting from simple random samples. But keep in
mind that there are many different random sampling designs, and depending on
the scenario there may be more efficient methods than simple random sampling.


2.4 Experiments and Observational Studies


Consider again the popcorn example. This was a single-sample problem, in which
there was only one variable of interest (calorie content). But the most interest-
ing and important statistical questions involve relationships between variables.
Consider the following questions.


• Is a new drug more effective than a standard drug currently in use?
• Does texting while driving increase the risk of getting into an accident?


(Yes!!!)
• What is the relationship between alcohol consumption, time of consump-


tion, body weight, and blood alcohol content?


Let’s take a detailed look at two examples.


Example 2.4 Many studies have investigated the effect of drug use on fetal
development. One such study7 investigated the effect of maternal cocaine use on
several variables on newborns in an inner-city. Newborn babies were classified
as either cocaine exposed or unexposed, according to a urine test on the mother
and maternal history. The birth weights of 361 cocaine-exposed infants and 387
unexposed infants are illustrated in Figure 2.1.8


Here the response variable is the birth weight of the baby (the response variable
is the variable of interest in the study). The explanatory variable is cocaine
exposure. An explanatory variable explains or possibly causes changes in the
response variable. (Here there is a single explanatory variable, but there are often
many explanatory variables in a study. Studies are often designed to investigate
which, if any, explanatory variables are related to the response variable.)


A fundamental issue that affects our interpretation of the results of this study
is that this is an observational study (as opposed to an experiment). In


but if that is not feasible we might draw a sample of individuals from within each sampled
cluster.


7Bateman, D., Ng, S., Hansen, C., and Heagarty, M. (1993). The effects of intrauterine cocaine
exposure in newborns. American Journal of Public Health, 83:190–193.


8Data values are simulated values based on summary statistics in the original article.
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Figure 2.1: Boxplots of newborn birth weight (grams) against fetal cocaine ex-
posure.


an observational study the researchers observe and measure variables, but do
not impose any conditions. Here the groups were pre-existing (cocaine users
and non-users), and were simply observed by the researchers. In an experiment
(which we’ll discuss in more detail below) the researchers impose conditions on
the participants, then observe possible differences in the response variable. The
statistical analysis techniques used in observational studies and experiments are
often the same, but the conclusions from experiments can be much stronger.


The boxplots in Figure 2.1 show a difference in the distributions—it appears
as though the distribution of birth weight of babies exposed to cocaine in the
womb is shifted lower than that of the unexposed group. In other words, it
appears newborn babies exposed to cocaine in the womb have a lower birth
weight on average. Can we say that the difference in birth weight was caused by
the cocaine use? No, we cannot. Observational studies in and of themselves do
not give strong evidence of a causal relationship. The relationship may be causal,
but a single observational study cannot yield this information. There may be
other variables, related to both the explanatory and response variables, that are
causing the observed relationship. In this study there are many other unmeasured
variables that may have an effect on the birth weight of babies. Variables such
as alcohol use, the mother’s diet, and the mother’s overall health can all have
an effect. Mothers who use cocaine during their pregnancy are fundamentally
different from those who do not. It is conceivable that cocaine users tend to
have poorer diets, say, and it is the poorer diet that is causing the lower birth
weight. We call these unmeasured variables lurking variables. In the statistical
analysis we can attempt to adjust for some of the more important effects, but
in an observational study there will always be possible lurking variables. The
oft-repeated line bears repeating once more: correlation does not imply causation.
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How do we go about showing a causal relationship? The best way is through a
well-designed randomized experiment. Contrast the observational study we just
discussed with the following experiment.


Example 2.5 Researchers investigated the effect of calorie-restricted diets on
the longevity of mice. They conducted an experiment, randomly assigning each
of 338 mice to one of 6 different diets:


• A control group that were allowed to eat an unlimited amount.
• R1, R2, R3, R4, and R5. These were 5 increasingly calorie restricted diets.


The mice were fed the diets until they died. The survival time, in months, was
then recorded. The results are illustrated in Figure 2.2.9
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Figure 2.2: Survival times for the different diets.


This is an experiment—the researchers applied different conditions (the diets)
to the rats. The different diet groups were not pre-existing, they were created by
the researchers. In experiments the experimental units are randomly assigned to
the different groups wherever possible.


Here the response variable is lifetime and the explanatory variable is diet. We are
interested in determining if there is a relationship between diet and longevity for
this type of mouse. (A big goal would be finding out whether calorie restriction
tends to increase the length of life for humans. This experiment can’t possibly
tell us that, but it may provide a useful starting point.) The boxplots appear
to show differences in the longevity between the different diets. We will later
learn statistical techniques to investigate whether these observed differences are
9Data from Weindruch, R., Walford, R., Fligiel, S., and Guthrie, D. (1986). The retardation of
aging in mice by dietary restriction: longevity, cancer, immunity and lifetime energy intake.
The Journal of Nutrition, 116:641–654. The data used here is simulated data based on the
summary statistics from this study.
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statistically significant. (If the differences are in fact statistically significant, that
means it it would be very unlikely to see differences of this size, if in reality there
is no relationship between diet and longevity. We will discuss this notion in much
greater detail later.)


If we do end up finding the differences are statistically significant, will we be
able to say there is evidence of a causal link between diet and longevity in mice
of this type? The answer is yes, since well-designed experiments can give strong
evidence of a cause-and-effect relationship. If we find significant differences in
lifetime between the diets, we can be quite confident it was the differences in the
diets that caused the differences in the lifetimes. In a well-designed experiment,
if we determine there is a relationship between the explanatory variable and
the response variable, we can be confident that the explanatory variable causes
changes in the response.


If a randomized experiment is well-designed, we do not have to be concerned
about possible lurking variables—there will be no systematic differences between
the groups other than the conditions that were imposed by the researchers.
(When we randomize we know that any differences between the groups at the
start of the experiment is simply due to chance, and not any other effect.)


Why not always carry out experiments instead of observational studies? In many
situations it may not be possible to carry out an experiment due to time, money,
ethical, or other considerations. Consider Example 2.4, in which a possible rela-
tionship between maternal cocaine use and birth weight of newborn babies was
investigated. To carry out an experiment to investigate a causal link, we would
need to randomly assign pregnant women to a cocaine-using group and a group
that do not use cocaine. Clearly this is not something that would be found to be
ethical by medical review boards. (Or even something a reasonable person would
propose.) So in this situation it is simply not possible to carry out an experi-
ment. There is also a wealth of pre-existing data available for many studies. We
may have information on tens of thousands of individuals over many decades to
investigate. We cannot ignore this information simply because it won’t provide
strong evidence of a causal link. Observational studies may be interesting in
their own right, or they may provide the motivation to carry out an experiment
to further investigate the problem.


Related to the problems in interpretation associated with lurking variables in
observational studies is the concept of confounding.10 Two variables are con-
founded if it is impossible to separate their effects on the response. A confounding
variable may be a lurking variable, but it may also be a measured variable in
10Some sources draw no distinction between these concepts, and they can be defined in slightly
different ways. The names are not as important as the understanding of the issues in inter-
pretation that arise.
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the study. As such, confounding variables can occur in both experiments and
observational studies. As a simple example, consider a university course with
two different sections, at different lecture times. Suppose that the two sections
write different midterm exams, and the students in one of the sections score much
higher. Based on the exam grades, it would be impossible to determine whether
the higher-scoring lecture section wrote an easier exam, or if that section tended
to have more prepared students, or some combination of the two—these variables
would be confounded. We try to design studies such that there are no issues with
confounding, but sometimes it is unavoidable.


Eventually we will learn some theory and methods of statistical inference, in order
to answer questions like, “Are these observed differences statistically significant?”
But we’ve got a long way to go before we learn these techniques. We first need to
learn some basic concepts of descriptive statistics and probability. In descriptive
statistics we use plots and numerical summaries to illustrate the distribution of
variables. If we had data for the entire population at our disposal, we would use
only descriptive statistics, and we would not have need for inference techniques.
The next chapter discusses descriptive statistics.
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2.5 Chapter Summary


In descriptive statistics, plots and numerical summaries are used to illustrate the
distribution of variables.


In statistical inference we attempt to make appropriate statements about popu-
lation parameters based on sample statistics.


The population is the set of all individuals or units of interest to an investigator.


A parameter is a numerical characteristic of a population. In practice it is
usually impractical or impossible to take measurements on the entire population,
and thus we typically do not know the values of parameters. Much of this text
is concerned with methods of parameter estimation.


A sample is a subset of individuals or units selected from the population.


A statistic is a numerical characteristic of a sample.


In simple random sampling, every possible sample of size n has the same
chance of being selected. Many statistical inference techniques assume the data
results from a simple random sample from the population of interest.


There are many other types of sampling, including stratified random sam-
pling and cluster sampling.


In a randomized experiment the researchers apply different conditions (dif-
ferent diets, different drugs, or different teaching methods, for example) to ex-
perimental units that have been randomly assigned to different groups.


In an observational study (as opposed to an experiment), researchers observe
and measure variables, but do not impose any conditions.


Well-designed experiments can give strong evidence of a cause-and-effect relation-
ship. If we determine there is a relationship between the explanatory variable and
the response variable (using techniques we will learn later), we can be confident
that the explanatory variable causes changes in the response variable.


Observational studies do not typically yield strong evidence of a causal relation-
ship.


A lurking variable is an unmeasured variable, possibly related to both the re-
sponse and explanatory variables, that influences the interpretation of the results
of an observational study.
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Two variables are confounded if it is impossible to separate their effects on the
response variable.
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Chapter 3


Descriptive Statistics


J.B.’s strongly suggested exercises: 1, 4, 7, 8, 9, 10, 11, 16, 17, 20, 21, 22, 24, 25, 36, 46,
49


3.1 Introduction


3.2 Plots for Qualitative and Quantitative Variables


3.2.1 Plots for Qualitative Variables


1. A Finnish study1 investigated a possible association between the gender of convicted
murderers and their relationship to the victim. A random selection of 91 female
murderers and a random selection of 91 male murderers were obtained, and the
results are illustrated in Figure 3.1.


(a) For male murderers, summarize the distribution of the relationship between
the murderer and the victim.


(b) Describe the observed differences in the distributions of the relationship to the
victim between male and female murderers.


(c) Can we be certain that the observed differences in the samples of male and
female murderers reflect the true differences in the population distributions?


(d) Sketch a pie chart to illustrate the distribution of the relationship to the vic-
tim for male murderers. (Sketch a rough plot – it does not need to be very


1Häkkänen et al. (2009). Gender differences in Finnish homicide offence characteristics. Forensic Science
International, 186:75–80.
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Gender Male Female Total
Acquaintance 61 37 98
Partner 22 32 54
Family Member 4 18 22
Stranger 4 4 8
Total 91 91 182
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Figure 3.1: Gender of murderer and their relationship to the victim in Finnish murders.


accurate.)


3.2.2 Plots for Quantitative Variables


3.3 Numerical Measures


3.3.1 Summation Notation


2. Suppose we have the following sample data set: 8, 14, 22, −5


(a) What is the value of x3?


(b) What is
3∑
i=1


xi?


(c) What is
∑
xi?


(d) What is
∑
x2
i ?


3.3.2 Measures of Central Tendency


3.3.2.1 Mean, Median, and Mode


3. Suppose we have a sample of 5 observations: 1, 5, 2, −3, 987.


(a) What is the mean?
(b) What is the median?
(c) What is the mode?
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(d) If the extreme value is removed, what is the mean?
(e) If the extreme value is removed, what is the median?


4. A random sample of 4 Canadian male newborns revealed the following birth weights,
in grams:


2870, 2620, 3120, 3620


(a) What is the mean birth weight?
(b) What is the median birth weight?
(c) What are the units of the mean?
(d) What are the units of the median?
(e) In this situation, which is the more appropriate measure of central tendency,


the mean or the median?


3.3.2.2 Other Measures of Central Tendency


5. What would be an advantage of using the trimmed mean instead of the untrimmed
mean? What would be a disadvantage?


3.3.3 Measures of Variability


6. Consider the following sample of 4 observations: 18, 8, 3, 17.


(a) What are the deviations?
(b) What is the sum of the deviations?


7. A random sample of 4 Canadian male newborns revealed the following birth weights,
in grams:


2870, 2620, 3120, 3620


(a) What is the range?
(b) What is the mean absolute deviation?
(c) What is the variance?
(d) What is the standard deviation?
(e) What are the units of the variance?
(f) What are the units of the standard deviation?


8. Create a 4 number sample data set, where all numbers lie between 0 and 500
(inclusive, and repeats are allowed), such that the standard deviation is as large as
possible.
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(a) What is your data set?
(b) What is the standard deviation of your data set?


9. Create a 4 number sample data set, where all numbers lie between 0 and 500
(inclusive, and repeats are allowed), such that the standard deviation is as small as
possible.


(a) What is your data set?
(b) What is the standard deviation of your data set?


10. Which of the following statements are true? There may be more than one correct
statement; check all that are true.


(a) The standard deviation can be greater than the variance.
(b) The standard deviation can be negative.
(c) The standard deviation can be less than the mean.
(d) The standard deviation can be less than the third quartile.
(e) The standard deviation is always less than the average distance from the mean.


3.3.3.1 Interpreting the standard deviation


11. Figure 3.2 illustrates scores on a difficult statistics test. The scores have a mean of
22.4 and a standard deviation of 7.2. (The maximum possible score on the test was
40.)


(a) Would the empirical rule apply to this data? Why or why not?
(b) What would the empirical rule tell us about the proportion of observations


that are within 7.2 of 22.4?
(c) What would the empirical rule tell us about the proportion of observations


that are within 14.4 of 22.4?
(d) What would the empirical rule tell us about the proportion of observations


that are within 21.6 of 22.4?


12. Figure 3.2 illustrates scores on a difficult statistics test. The scores have a mean of
22.4 and a standard deviation of 7.2.


(a) Would Chebyshev’s theorem apply to this data? Why or why not?
(b) What would Chebyshev’s theorem tell us about the proportion of observations


that are within 7.2 of 22.4?
(c) What would Chebyshev’s theorem tell us about the proportion of observations


that are within 14.4 of 22.4?
(d) What would Chebyshev’s theorem tell us about the proportion of observations


that are within 21.6 of 22.4?
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Figure 3.2: Scores on a hard test (x̄ = 22.4, s = 7.2).


13. Consider the histogram given in Figure 3.3.


(a) Would the empirical rule apply to this data?
(b) Would Chebyshev’s theorem apply to this data?


Figure 3.3: A distribution that is skewed to the right.


3.3.3.2 Why divide by n− 1 in the sample variance formula?


14. Why do we divide by n− 1 in the sample variance formula?


15. Suppose we have a sample of size n = 87, and the population mean and variance
are unknown. How many degrees of freedom are there for estimating the variance?
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3.3.4 Measures of Relative Standing


3.3.4.1 Z-scores


16. A random sample of 4 Canadian male newborns revealed the following birth weights,
in grams:


2870, 2620, 3120, 3620


In Exercise 7, we found that for these four observations: x̄ = 3057.5 and s =
426.9563.


(a) What are the 4 z-scores?
(b) What is the mean of the 4 z-scores?
(c) What is the standard deviation of the 4 z-scores?
(d) If a newborn male baby had a z-score of 4.6, what does that tell us about the


baby’s weight?
(e) If a newborn male baby had a z-score of −0.4, what does that tell us about


the baby’s weight?


17. Todd has always had a dream of becoming a medical doctor. After doing well in
an introductory statistics course, Todd decides to write the MCAT. His score on
the test corresponded to a z-score of 3.0. Suppose that scores on the test have a
distribution that is mound-shaped (approximately normal). Which of the following
statements are true?


(a) The z-score is a unitless quantity.
(b) Todd’s score was 3 standard deviations greater than the mean score.
(c) Todd scored worse than approximately 1/3 of the test writers.
(d) Todd’s score was better than average.


3.3.4.2 Percentiles


18. A sample of 8 boxes of Kellogg’s All Bran was collected at a grocery store. The
boxes had a nominal weight of 675 grams. The weight (in grams) of the cereal in
each box was recorded, with the following results:


684, 684, 686, 691, 691, 686, 691, 684


(The weights were recorded after discarding the box and the bag, so they represent
the weight of only the cereal.)
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(a) Use the method outlined in the text to calculate the 80th percentile of the
weights.


(b) Use the method outlined in the text to calculate the 25th percentile of the
weights.


19. The 90th percentile of heights of adult females in the United States is closest to
which one of the following?


(a) 90 cm.
(b) 122 cm.
(c) 143 cm.
(d) 171 cm.
(e) 200 cm.


3.4 Boxplots


20. Consider the boxplots in Figure 3.4, representing 3 different samples.
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Figure 3.4: 3 boxplots.


(a) What is the median of sample C?
(b) What is the range (Maximum−Minimum) of sample C?
(c) How many outliers are there in the entire plot (all samples combined).
(d) What is the 25th percentile of sample C?


21. Qu et al. (2011) investigated physical characteristics of the lizard Phrynocephalus
frontalis. In one part of the study, the researchers compared the tail lengths of
males and females of this species. Figure 3.5 illustrates the distributions of tail
length for 44 female and 22 male lizards that were captured in the wild.
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Figure 3.5: Boxplots of tail lengths of 44 female and 22 male lizards of the species P.
frontalis.


(a) What is the 75th percentile of tail lengths for the sample of male lizards?
(b) What is the 75th percentile of tail lengths for the sample of female lizards?
(c) Summarize the main differences and similarities between males and females


for these samples of tail lengths.


3.5 Linear Transformations


22. A certain sample has a mean of 100, a median of 90, and a standard deviation of
20. Suppose that each observation has 5 added to it, and the result is multiplied
by 20.


(a) What is the mean of the new values?
(b) What is the variance?
(c) What is the standard deviation?
(d) What is the median?


23. Suppose we have a sample of 7 values, and we calculate the usual summary statistics.
If we add 5,000 to each of these 7 sample values, then recalculate the summary
statistics, which of the following quantities would change?


mean, median, Q3, IQR, variance, standard deviation
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3.6 Chapter Exercises


3.6.1 Basic Calculations


24. Consider the following sample of 4 numbers: 52, −2, 8, 107.


(a) What is the mean?
(b) What is the median?
(c) What is the variance?
(d) What is the standard deviation?
(e) What is the range?


25. Consider the following sample of 7 observations:


3.1, 8.2, 9.6, −1.7, 8.4, 8.8, 21.1


(a) What is the mean?
(b) What is the median?
(c) What is the third quartile (Q3)?
(d) What is the interquartile range?
(e) What is the variance?
(f) What is the standard deviation?
(g) Are any of these observations outliers according to the 1.5*IQR rule?


26. Consider the following sample data set: 32, 36, 1, 4, 89, 18.


(a) What is the mean?
(b) What is the median?
(c) What is the value of Q1?
(d) What is the value of the interquartile range?
(e) What is the variance?
(f) What is the standard deviation?


27. Consider the following sample data set: −4, 6,−12, 14, 742


(a) What is the mean of the full data set?
(b) What is the median of the full data set?
(c) What is the standard deviation of the full data set?
(d) What is the variance of the full data set?
(e) If the outlier is discarded, what is the mean?
(f) If the outlier is discarded, what is the median?
(g) If the outlier is discarded, what is the standard deviation?
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28. Consider the following computer output, illustrating a stemplot.


Decimal point is at the colon


-1 : 7110
-0 : 76632
0 : 03335
1 : 01389
2 : 4


(a) What is the mean?
(b) What is the median?
(c) What is the variance?
(d) What is the standard deviation?
(e) What is the range?


29. Consider the following split-stem stemplot: (The decimal is at the colon. You
should be able to recognize that the largest observation is 5.8.)


0 : 0000000000000000000111111222222233334444444
0 : 557777888
1 : 001111224444
1 : 5555778999
2 : 011223
2 : 55566689
3 : 0
3 : 5678
4 :
4 : 7789
5 :
5 : 668


(a) Is the mean greater than the median?
(b) Does the distribution show any skewness? If so, in what direction is it skewed?
(c) What is the value of the difference between the fifth and first values in the


five-number summary?


30. Consider the following stemplot:
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-4 : 975
-3 : 99410
-2 :
-1 : 6
-0 :
0 :
1 : 1
2 : 13
3 : 249


(The decimal place is at the colon.)


(a) What is the mean?
(b) What is the median?
(c) If the decimal place was shifted one place to the left for all the observations


(e.g. the smallest observation was −0.49), which of the following statistics
would change?


Mean, median, Q1, Q3, IQR, standard deviation, variance


3.6.2 Concepts


31. Consider the bimodal frequency histogram for a variable x, illustrated in Figure 3.6.
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Figure 3.6: A bimodal frequency histogram.


(a) What is the approximate value of the median?
(b) What is the approximate value of Q1?
(c) What is the approximate value of Q3?
(d) Are there any outliers?
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(e) True or false: The mean and median would be close in value.
(f) One of the boxplots in Figure 3.7 represents this data. Which one?
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Figure 3.7: Which boxplot corresponds to the histogram?


32. Suppose we have a sample of 5 observations. We forget the data values, but we
know the first 4 deviations from the mean (xi − x̄) are:


−2.3, 3.7, 1.2,−0.7


(a) What must the value of the fifth deviation be?
(b) What was the sample mean?
(c) What is the standard deviation?


33. If the smallest 4 values in a sample with n = 5 are equal, and the range is equal to
10, what is the value of the variance?


34. Consider the frequency histogram shown in Figure 3.8. Which of the following
statements are true?


(a) The median is less than 4.
(b) The mean is less than the median.
(c) The IQR is greater than 5.
(d) All the numbers in the five number summary are positive.
(e) This distribution is approximately symmetric.
(f) The value of Q1−Median would have the same absolute value as Q3−Median.
(g) There are no obvious outliers.


35. Consider the boxplots in Figure 3.9.


(a) Which one of the boxplots corresponds to the histogram in Figure 3.8?
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Figure 3.8: A frequency histogram.
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Figure 3.9: Which boxplot represents the histogram data?


(b) Which boxplot has the largest median?
(c) Which boxplot has the largest interquartile range?
(d) Which boxplot contains the largest number of outliers?


36. Suppose we have a sample of 12 observations, and we calculate the summary statis-
tics for these values.


(a) If we add 100,000 to the largest observation, which of the following statistics
would change?
Mean, median, variance, standard deviation, interquartile range


(b) If we add 100,000 to the largest observation, and subtract 100,000 from the
smallest observation, which of the following statistics would change?
Mean, median, variance, standard deviation, interquartile range


37. Suppose there is a data set of 100 observations that has a standard deviation equal
to 0. Which of the following statements are true?


(a) All the numbers in the 5 number summary must be equal.
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(b) There are no negative deviations.
(c) The variance and standard deviation are equal.
(d) The mean and median are equal.
(e) If a single observation from this data set had a positive constant added to it,


then the IQR, minimum, and median would not change.


38. Suppose we have a sample data set with 4 observations, where x̄ = 50 and s = 0.
Suppose we add one more observation to this data set, and we recalculate the
mean and standard deviation. If the added observation equals 50.0, what will the
standard deviation of the 5 number data set be?


39. Which of the following statements are true?


(a) The standard deviation is always greater than the median.
(b) The variance is always greater than the standard deviation.
(c) If a distribution is skewed to the left, then the mean will always be less than


the standard deviation.
(d) If all values in a sample are within 2.0 of each other, then the standard devi-


ation will be less than 2.0.
(e) The median can equal the third quartile (Q3).


40. Which of the following statements are true?


(a) If the median of a distribution equals the minimum, then the distribution can’t
be skewed to the left.


(b) If a variable x is measured in seconds, then the units of the variance are
seconds2.


(c) The 12.5th percentile is exactly half the value of Q1.
(d) All of the values in the five-number summary are always positive.
(e) Large outliers have little effect on the standard deviation, but can have a


strong effect on the variance.


41. Which of the following statements are true?


(a) For right-skewed distributions, the median is greater than the mean.
(b) For symmetric distributions, the standard deviation and mean are equal.
(c) For mound-shaped distributions, approximately 50% of observations lie within


5 standard deviations of the mean.
(d) For any distribution, the interquartile range is equal to 50.
(e) All observations that are less than Q1 would have negative z-scores. (Careful!)
(f) If the range of a data set is equal to 0, then the variance and IQR will also


equal 0.


42. Consider the following sample data:
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−2,−5, 12, 17, 15, 15, 15, 15, 15, 15, ?, ?


(The question marks represent two missing values.)


(a) What is the value of the median for the entire sample (including the missing
values)? If it is impossible to determine, say so.


(b) What is the value of the mean for the entire sample (including the missing
values)? If it is impossible to determine, say so.


(c) What is the value of the variance for the entire sample (including the missing
values)? If it is impossible to determine, say so.


43. A certain data set has a mean of 15 and a standard deviation of 5. After a linear
transformation, the new standard deviation was found to equal 1, but the mean
was unchanged.


(a) What possible linear transformations result in these new values (there are two
possibilities).


(b) Suppose the appropriate transformation is the one where b is positive. If a
value in the old data set is 10, what is its new value?


44. In a sample of size n = 3, the standard deviation is equal to 100. Two of the
observations are 152 and 252. The third observation is one of two possible values.
What are these two possible values?


3.6.3 Applications


45. The histogram in Figure 3.10 represents final grades for students in an introductory
statistics course. (This is real data from one of your author’s courses.)
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Figure 3.10: Final grades in an introductory statistics course.
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(a) What is the approximate value of the median?
(b) What is the approximate value of Q1?
(c) What is the approximate value of the interquartile range?
(d) Would the mean be greater or less than the median?
(e) What is the approximate value of the standard deviation?


46. Figure 3.11 is a histogram of grades on a major assignment in a large introductory
statistics course. (This is real data from one of your author’s courses.) Of the 206
students in the course, twelve students did not hand in the assignment and received
a grade of 0. The average grade for all students was 18.8 out of 25.
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Figure 3.11: Grades on a major assignment.


(a) Describe the distribution.
(b) Reporting the mean grade for all students might be slightly misleading in this


setting. Suggest a better numerical summary of this data.


47. The insect Megamelus scutellaris can feed on the sap of the water hyacinth, and
it has been used as a method of biocontrol for this invasive plant species. M.
scutellaris mates on the water hyacinth, and females create oviposition scars on the
plant, laying one or more eggs in each scar. Sosa et al. (2005) investigated several
aspects of the reproductive cycle of this insect. In one aspect of this study, the
number of eggs laid per scar was measured. The observed number of eggs per scar
for 359 scars is given in Table 3.1.


1 egg/scar 2 eggs/scar 3 eggs/scar 4 eggs/scar
142 194 9 14


Table 3.1: Observed number of M. scutellaris eggs per scar.


(a) What is the mean number of eggs per scar?
(b) What is the median number of eggs per scar?
(c) What is the standard deviation of the number of eggs per scar?
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48. As part of an investigation by Fink et al. (2007), 32 male student volunteers at a
university in Germany had their hand grip strength measured (in kilograms force
(kgf)). The results are illustrated in Figure 8.1.
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Figure 3.12: Plots of the grip strengths of 32 male student volunteers.


(a) Describe the distribution of the grip strengths.
(b) Estimate the 90th percentile of the grip strengths in this data set.
(c) Estimate the 90th percentile of the grip strengths of adult Germans.
(d) For this data, is the mean or the median the more appropriate measure of


central tendency?
(e) Give rough estimates of the mean and median.
(f) Give a rough estimate of the standard deviation.


49. Tantius et al. (2014) investigated tensile properties of human umbilical cords. In
one part of the study, 23 human umbilical cords were stretched until they broke, and
their elongation (% increase in length) at the breaking point was recorded. (The
breaking point of umbilical cords is of interest in forensic science, as mothers accused
of killing a newborn might claim that an umbilical cord broke during childbirth and
the newborn baby bled to death.) The elongation percentages are illustrated in
Figure 3.13.
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Figure 3.13: Boxplot of elongation percentage at breaking point.


(a) Describe the distribution of the elongation percentages.
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(b) The mean elongation percentage of these 23 umbilical cords is 36.6. Estimate
the mean if the outlier were to be removed from the calculations.


(c) Should the outlier be omitted from the analysis?
(d) The study actually involved 25 umbilical cords, but in two cases the machine


did not recognize the break and thus did not record the elongation at the break-
ing point. These data points were omitted in this plot and in the calculation
of the mean. How might this distort the results?


50. Harlioglu et al. (2012) investigated several characteristics of crayfish in a freshwater
lake in Turkey. In this study, twenty-five adult male Astacus leptodactylus crayfish
were sampled, and several variables were measured. One of the variables was body
weight (in grams). The weights are illustrated in Figure 3.14.
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Figure 3.14: Weights of 25 adult male crayfish.


(a) Give rough estimates of the mean and median of the 25 weights.
(b) Suppose the researchers wished to estimate the average weight of all adult


male crayfish in this lake. Would the mean of this sample be a reasonable
estimate of this quantity?


51. The following observations represent lengths, in millimetres, of a sample of 16 He-
liconia bihai flowers.


47.12 46.75 46.81 47.12 46.67 47.43 46.44 46.64
48.07 48.34 48.15 50.26 50.12 46.34 46.94 48.36


Summary statistics: x̄ = 47.5975, median = 47.12, and s = 1.212878.


Suppose we want to change the measurement scale, and have the measurements
represent the number of inches the length is in excess of 40 mm. To carry this out,
we (correctly) subtract 40, then divide the result by 2.54.


(a) What is the mean of the new values?
(b) What is the median of the new values?
(c) What is the standard deviation of the new values?
(d) What is the variance of the new values?
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52. A person is weighing rocks in a lab in the United States. They are new to the
United States from Canada, and they have been taking all of the measurements in
kilograms. The sample mean and standard deviation of the weight of the rocks (in
kilograms) were found to be 15.10 and 1.70, respectively.


At this point the person realizes two important points: 1) The scale wasn’t cali-
brated properly, and every measurement in the data set should have 2.00 kilograms
added to it. 2) Their boss wants the mean and the standard deviation in pounds,
not kilograms (1 kg = 2.20 pounds). The person correctly realizes that they must
add 2.00 to all of their measurements, then multiply the result by 2.20. What are
the mean and standard deviation of the correct weights in pounds?
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Chapter 4


Probability


J.B.’s strongly suggested exercises: 2, 4, 5, 6, 7, 8, 14, 16, 17, 21, 30, 35, 39, 43, 49, 57,
61


4.1 Introduction


4.2 Basics of Probability


4.2.1 Sample Spaces and Sample Points


1. (a) Depending on our needs, we might define the sample space in different ways.
One possibility is the set of all 52 × 51 = 2652 orderings of two cards: S =
{(2c, 3c), (2c, 4c), . . . , (As,Ks)}.
Another possibility is the set of all pairs of cards, without regard to order.
(There are 1326 possible pairs of cards, if order does not matter.)


(b) Under the first definition of the sample space given in 1a there are 52× 51 =
2652 sample points: (2c, 3c), (2c, 4c), . . . , (As,Ks).


(c) Yes, any two card ordering has the same chance occurring.
(d) 4 × 3 = 12 of the sample points are a pair of twos. P (Pair of twos) = 12


2652 =
1


221 .


2. (a) The sample space is the set of the 6 × 6 = 36 possible outcomes: S =
{(1, 1), (1, 2), . . . , (6, 6)}.


(b) There are 6 × 6 = 36 sample points: (1, 1), (1, 2), . . . , (6, 6). (Where (1, 2)
represents rolling a 1 on the first die and a 2 on the second.)


25
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(c) Yes, each of the sample points has a 1
36 chance of occurring.


(d) Only one simple event (1,1) results in a sum of 2. P (Sum is 2) = 1
36 .


(e) Six sample points result in a sum of 7: (1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1).
P (Sum is 7) = 6


36 = 1
6 .


4.3 Rules of Probability


The Intersection of Events


Mutually Exclusive Events


The Union of Events


Complementary Events


3. See Figure 4.1.


(a) A ∪Bc (b) A ∩Bc (c) Ac ∪Bc


(d) Ac ∩Bc (e) (A ∪B)c


Figure 4.1: Venn diagrams for Question 3.


4. This scenario is illustrated in Figure 4.2.


(a) P (Ac) = 1− P (A) = 1− 0.6 = 0.4.
(b) P (A ∪B) = P (A) + P (B)− P (A ∩B) = 0.6 + 0.3− 0.2 = 0.7.
(c) P ((A ∪B)c) = 1− P (A ∪B) = 1− 0.7 = 0.3.
(d) No. P (A ∩B) 6= 0, so A and B are not mutually exclusive.
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A B


0.40 0.20 0.10


0.30


Figure 4.2: Venn diagram for Question 4.


(e) This one is a little harder to visualize. Ac ∩ Bc = (A ∪ B)c (drawing a Venn
diagram helps to visualize this—see Figure 4.11). So P (Ac ∩ Bc) = 0.3, and
Ac and Bc are therefore not mutually exclusive.


5. (a) D ∩ Ec. P (D ∩ Ec) = P (O negative) = 0.07 (this can be read straight from
the table).


(b) P (O) = 0.39 + 0.07 = 0.46. P (Rh positive) = 0.36 + 0.076 + 0.025 + 0.39 =
0.851.


P (O ∪ Rh positive) = P (O) + P (Rh positive)− P (O ∩ Rh positive)
= 0.46 + 0.851− 0.39 = 0.921.


(c) The ABO blood groups are mutually exclusive (a person is classified into one
and only one of A, B, AB, or O), so the following events are mutually exclusive:
(A,B), (A,C), (A,D), (B,C), (B,D), (C,D).


(d) (A∩Ec)∪(D∩Ec), or (A∪D)∩Ec. P ((A∩Ec)∪(D∩Ec)) = 0.06+0.07 = 0.13.


Conditional Probability


Independent Events


6. (a) The addition rule tells us that P (A ∪ B) = P (A) + P (B) − P (A ∩ B), so
0.65 = 0.60 + 0.20− P (A ∩B), which implies P (A ∩B) = 0.15.


(b) P (A|B) = P (A∩B)
P (B) = 0.15


0.20 = 0.75.


(c) P (B|A) = P (A∩B)
P (A) = 0.15


0.60 = 0.25.
(d) No, since P (A|B) 6= P (A) (0.75 6= 0.60).


7. (a) P (B|C) = 1. If we are given that the number on the top face is a 6 (event
C), we know with certainty it is an even number (event B). Alternatively, we
could use the conditional probability formula:


P (B|C) =
P (B ∩ C)


P (C)
=


1/6


1/6
= 1
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(P (B∩C) = 1
6 because the intersection of B and C is 6, one of the six possible


equally likely outcomes.)
(b) P (C|B) = 1


3 . If we are given the number on the top face is an even number
(event B – the numbers 2, 4, 6), then there is a 1


3 probability it is a 6 (event
C). Alternatively, we could use the conditional probability formula:


P (C|B) =
P (B ∩ C)


P (B)
=


1/6


3/6
=


1


3


(P (B ∩ C) = 1
6 because the intersection of B and C is the number 6.)


(c) P (C|Bc) = 0. If we are given the number is odd (event Bc, since B is the even
numbers), then the number cannot possibly be a 6. Alternatively, we could
use the conditional probability formula:


P (C|Bc) =
P (Bc ∩ C)


P (Bc)
=


0


3/6
= 0


(P (Bc ∩ C) = 0 because Bc and C have no events in common.)
(d) P ((B ∩ C)|A) = 1


3 . B ∩ C = {6} (the only event B and C share is 6). If we
are given A has occurred (one of 4, 5, 6 has occurred), then the probability
a 6 has occurred is 1


3 . Alternatively, we could use the conditional probability
formula:


P ((B ∩ C)|A) =
P (B ∩ C ∩A)


P (A)
=


1/6


3/6
=


1


3


(P (B ∩C ∩A) = 1
6 because the intersection of B and C and A is the number


6.)
(e) None of the pairs are independent. P (A) = 1


2 , P (B) = 1
2 , P (C) = 1


6 .


P (A|B) =
2


3
6= P (A) =⇒ A and B are not independent


P (A|C) = 1 6= P (A) =⇒ A and C are not independent


P (B|C) = 1 6= P (B) =⇒ B and C are not independent


The Multiplication Rule


8. (a)


P (Both cards are hearts) = P (First card is a heart)× P (Second card is a heart | First card is a heart)


=
13


52
× 12


51


=
156


2652
=


1


17
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(b)


P (Both cards are fives) = P (First card is a 5)× P (Second card is a 5 | First card is a 5)


=
4


52
× 3


51


=
12


2652
=


1


221


(c) 13
52 ×


12
51 ×


11
50 ×


10
49 = 17160


6497400 ≈ 0.00264.


9. (a)


P (Both dice are fours) = P (First die is a four)× P (Second die is a four | First die is a four)


=
1


6
× 1


6
(The rolls are independent.)


=
1


36


(b) Since the rolls are independent, these two events are independent, and we can
simply multiply the two probabilities together:


P (Roll an even number, then a number greater than 4) =
3


6
× 2


6
=


6


36
=


1


6


4.4 Examples


10. We need to find P (A|B) = P (B∩A)
P (A) . P (A) is given in the question, so we just need


to find P (B∩A).We cannot say that P (B∩A) = P (B)P (A), since we do not know
if A and B are independent (in fact, since P (B|A) 6= P (B), we know that A and B
are not independent). We need to find the probability of the intersection in another
way. What is the other bit of information we are given in the question? We are
given that P (B|A) = P (B∩A)


P (A) = 0.25, which implies P (B ∩A) = 0.25× 0.80 = 0.20.
Now we can calculate:


P (A|B) =
P (B ∩A)


P (B)
=


0.20


0.40
= 0.5


11. (a) See Figure 4.3.
(b) P (A ∪B) = 0.42 + 0.44− 0.16 = 0.70.
(c) P (A ∪B ∪ C) = 0.82.
(d) P (A|B ∩ C) = P (A∩B∩C)


P (B∩C) = 0.04
0.12 = 1


3 .
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A B


C


0.04


0.12


0.16


0.10 0.20


0.12


0.08


0.18


Figure 4.3: Venn diagram for Question 11a.


12. (a) Since any one of these 1000 individuals is equally likely to be picked, this
probability is simply the number of Republicans over the total number of
individuals:


P (Republican) =
60 + 270


1000
= 0.330


(b) This is the number of individuals that said they approve, over the total number
of individuals:


P (Approve) =
60 + 361 + 139


1000
= 0.560


(c) The conditional probability formula can be used here, but we can also an-
swer this question quickly using a little bit of logic. We are given that the
individual is a Republican, which means we are dealing with only the 330
Republicans in the sample. Of the 330 Republicans, 60 approve, and so
P (Approve|Republican) = 60


330 . We could have used the conditional proba-
bility formula had we so desired:


P (Approve|Republican) =
P (Approve ∩ Republican)


P (Republican)
=


60/1000


330/1000
=


60


330


Note that P(Approve) 6= P(Approve|Republican). This means the events: The
person is a Republican, and The person said they approve of the way Obama is
handling his job as president are not independent. (Which should make sense,
if you know a little about United States politics.)


13. (a) A and B are independent in Plot B. (We can’t determine independence with
certainty by just looking at the plot, without the information that A and B
are independent for one of the plots. It can only be plot B. This plot was
created such that P (A) = 0.1, P (B) = 0.2, and P (A ∩B) = 0.02.)


(b) Plot A: P (A|B) < P (A).
Plot B: P (A|B) = P (A).
Plot C: P (A|B) > P (A).
Plot D: P (A|B) > P (A).
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4.5 Bayes’ Theorem


14. The tree diagram for this scenario is illustrated in Figure 4.4.


Explosives?


Alarm?


P (Ec ∩Ac) = 0.9999 · 0.98


Ac


0.98


P (Ec ∩A) = 0.9999 · 0.02 (Alarm sounds)A
0.02


Ec


0.9999


Alarm?


P (E ∩Ac) = 0.0001 · 0.08


Ac


0.08


P (E ∩A) = 0.0001 · 0.92 (Alarm sounds)A
0.92


E
0.0001


Figure 4.4: The tree diagram for Question 14. E represents the event that the person is
carrying explosives and A represents the event that the alarm sounds.


(a) This is the sum of the probabilities of the two branches of the tree diagram
that lead to the alarm sounding. More formally:


P (A) = P (A ∩ E) + P (A ∩ Ec)
= P (E)P (A|E) + P (Ec)P (A|Ec)
= 0.0001 · 0.92 + 0.9999 · 0.02


= 0.02009


(b) We are given that the alarm has sounded, so either the first branch or third
branch of the tree diagram has occurred. What is the conditional probability
the first branch has occurred? This is the probability of the first branch,
divided by the sum of the probabilities of the first and third branches. More
formally:


P (E|A) =
P (E ∩A)


P (A)


=
P (E)P (A|E)


P (E)P (A|E) + P (Ec)P (A|Ec)


=
0.0001 · 0.92


0.0001 · 0.92 + 0.9999 · 0.02


= 0.00458
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Caribou?


Late?


P (Cc ∩ Lc) = 0.35 · 0.58


Lc


0.58


P (Cc ∩ L) = 0.35 · 0.42 (Plane is late)L
0.42


Cc


0.35


Late?


P (C ∩ Lc) = 0.65 · 0.78


Lc


0.78


P (C ∩ L) = 0.65 · 0.22 (Plane is late)L
0.22


C
0.65


Figure 4.5: The tree diagram for Question 15. C represents the event that the flight is a
Caribou Air flight, and L represents the event that the flight is late.


15. The tree diagram for this scenario is illustrated in Figure 4.5.


(a) This is the sum of the probabilities of the two branches of the tree diagram
that lead to a late flight. More formally:


P (L) = P (L ∩ C) + P (L ∩ Cc)
= P (C)P (L|C) + P (Cc)P (L|Cc)
= 0.65 · 0.22 + 0.35 · 0.42


= 0.29


(b) We are given that the flight is late, so either the first branch or third branch
of the tree diagram has occurred. What is the conditional probability that the
first branch has occurred? This is the probability of the first branch, divided
by the sum of the probabilities of the first and third branches. More formally:


P (C|L) =
P (C ∩ L)


P (L)


=
P (C)P (L|C)


P (C)P (L|C) + P (Cc)P (L|Cc)


=
0.65 · 0.22


0.65 · 0.22 + 0.35 · 0.42


= 0.493







Balka ISE 1.09 4.6. COUNTING RULES: PERMUTATIONS AND COMBINATIONS 33


4.6 Counting rules: Permutations and Combinations


16. (a)
(


52
2


)
= 1326. (The order in which the cards are received is unimportant, so


this is a combinations problem.)
(b)


(
52
5


)
= 2, 598, 960. (The order in which the cards are received is unimportant,


so this is a combinations problem.)
(c) As given in problem 16b, the total number of possible hands is


(
52
5


)
= 2, 598, 960.


For any given suit, there are
(


13
5


)
= 1287 possible flushes. There are 4 suits,


so there are 4 ×
(


13
5


)
= 5148 possible flush hands. Since each of the 2598960


five card hands are equally likely, the probability of getting dealt a flush is
5148


2598960 ≈ 0.00198. (About once every 505 deals.)


17. (a)
(


200
4


)
= 64, 684, 950. In a simple random sample, the order of selection is not


important (we care only about which people have been selected).
(b) In a simple random sample every individual has the same chance of being


selected, so the probability any individual students gets chosen is 4
200 = 1


50 .
(We could also have used an argument based on combinations. There are


(
200
4


)
possible samples, and


(
1
1


)
×
(


199
3


)
of these contain a specific student. So the


probability any individual student gets selected is (1
1)(


199
3 )


(200
4 )


= 1
50 .)


18. (a)
(


25
5


)
= 53, 130. Here the order of selection is not important (we care only


which 5 people have been picked for the committee).
(b) P 30


7 = 10, 260, 432, 000. Here the order is important (the drivers are being
assigned to 7 different routes, so among each group of 7 drivers, there are 7!
ways of assigning them to the routes).


4.7 Probability and the Long Run


19. Only A is true.


4.8 Chapter Exercises


4.8.1 Basic Calculations


20. This scenario is illustrated in Figure 4.6.


(a) P (A ∪B) = 0.3 + 0.8− 0.125 = 0.975.
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A B


0.175 0.125 0.675


0.025


Figure 4.6: Venn diagram for Question 20.


(b) P ((A ∪B)c) = 1− P (A ∪B) = 1− 0.975 = 0.025.


(c) P (A|B) = P (A∩B)
P (B) = 0.125


0.80 = 0.15625.


(d) P (B|A) = P (A∩B)
P (A) = 0.125


0.30 = 0.4166667.
(e) No, they are not independent, since P (A) 6= P (A|B).
(f) P (Ac ∪ B) = 0.825. Ac ∪ B is illustrated in Figure 4.7c. From the Venn


diagram in Figure 4.6, we can see that the probability of this region is 0.125 +
0.675 + 0.025 = 0.825.
Alternatively, we could have used the addition rule:


P (Ac ∪B) = P (Ac) + P (B)− P (Ac ∩B)


= 0.7 + 0.80− 0.675


= 0.825


(Why is P (Ac ∩B) = 0.675? See Figure 4.7d and Figure 4.6. B = (Ac ∩B)∪
(A∩B), and P (B) = P (Ac∩B)+P (A∩B), so P (Ac∩B) = 0.8−0.125 = 0.675.)


(a) Ac (b) B


(c) Ac ∪B (d) Ac ∩B


Figure 4.7: Ac ∪B and Ac ∩B.


21. (a) P (A∩B) = 0.02. By the addition rule, 0.68 = 0.5 + 0.2−P (A∩B), and this
implies P (A ∩B) = 0.02. This scenario is illustrated in Figure 4.8.
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A B


0.48 0.02 0.18


0.32


Figure 4.8: Venn diagram for Question 21.


(b) P ((A ∪B)c) = 1− P (A ∪B) = 1− 0.68 = 0.32.
(c) P (A|B) = P (A∩B)


P (B) = 0.02
0.20 = 0.10.


(d) P (B|A) = P (A∩B)
P (A) = 0.02


0.50 = 0.04.
(e) No, they are not, since P (A) 6= P (A|B).
(f) P (Ac ∪ Bc) = 0.98. There are different approaches one could use here. One


method:
P (Ac ∪Bc) = 1− P (A ∩B) = 1− 0.02 = 0.98


(The only event that is not in Ac ∪ Bc is A ∩ B. See Figure 4.12e for an
illustration of this.)


(g) P (Ac ∩ Bc) = 0.32. There are different approaches one could use here. One
method:


P (Ac ∩Bc) = 1− P (A ∪B) = 1− 0.68 = 0.32


(Ac ∩ Bc is everything that is outside of A ∪ B. See Figure 4.11e for an
illustration of this..)


22. (a) A and B are mutually exclusive. False, since P (A ∩B) = 0.2 6= 0.
(b) A andB are independent. False, since P (A∩B) 6= P (A)P (B) (0.2 6= 0.2×0.2).
(c) P (A|B) = 0. False. P (A|B) = P (A∩B)


P (B) = 0.2
0.2 = 1.


(d) P (A|B) = 1. True. P (A|B) = P (A∩B)
P (B) = 0.2


0.2 = 1.
(e) A and Bc are not independent. True. P (A|Bc) = 0 6= P (A). It might


help to remember that Ac and Bc are independent if and only if A and B are
independent.


(f) P (A ∪B) = P (A ∩B). True. P (A ∪B) = P (A ∩B) = 0.2.
(g) P (A|B) = P (B|A). True. P (A|B) = P (B|A) = 1.


23. (a) 71+19
100 = 0.9.


(b) 71
73 .


(c) No, they are not independent. P (A) = 90
100 , P (B) = 73


100 , P (A ∩ B) = 71
100 6=


P (A)× P (B).


24. (a) P (A|(B ∪A)c) = 0, since P (A ∩ (B ∪A)c) = 0 (see Figure 4.9).
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(b)


P (A ∩B|A ∪B) =
P ((A ∩B) ∩ (A ∪B))


P (A ∪B)


=
P (A ∩B)


P (A ∪B)
(See Figure 4.10)


=
0.2


0.4 + 0.7− 0.2


=
2


9


(a) A (b) (B ∪A)c


Figure 4.9: Venn diagrams illustrating that A shares no outcomes with (B ∪A)c.


(a) A ∩B (b) A ∪B (c) (A ∩B) ∩ (A ∪B)


Figure 4.10: Venn diagrams illustrating that (A ∩B) ∩ (A ∪B) = A ∩B.


25. (a) 3
6 = 1


2 .
(b) 1


6 .
(c) 0. If we are given the number is even, it cannot possibly be a 3.
(d) 2


3 . If we are given the number is even, we know it is a 2, 4, or 6. Two of these 3
equally likely possibilities are at least 4 (4 and 6), and so P (The number is at least 4|The number is a 2, 4, or 6) =
2
3 .


(e) No. P (Even) = 3
6 . P (More than 3) = 3


6 . P (Even ∩More than 3) = 2
6 . (The


numbers 4 and 6 are more than 3 and even.) 2
6 6=


3
6 ×


3
6 , so these events are


not independent.
(f) 0. If we know the number is at least 4, it cannot possibly be 2 or less.


P (2 or less|At least 4 = P (2 or less∩at least 4)
P (at least 4) ) = 0


3/6 = 0.
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4.8.2 Concepts


26. (a) The odds in favour of rolling a 5 or a 6 are 1:2. (Reduced from 2:4 – odds are
usually expressed using the smallest whole numbers that have the appropriate
ratio.)
The odds against rolling a 5 or a 6 are 2:1.


(b) The odds in favour of drawing a jack are 1:12. The odds against drawing a
jack are 12:1.


(c) 5
5+3 = 5


8 = 0.625.
(d) 1


19+1 = 1
20 = 0.05.


27. (a) See Figure 4.11.
(b) See Figure 4.12.


(a) A ∪B (b) (A ∪B)c


(c) Ac (d) Bc (e) Ac ∩Bc


Figure 4.11: Venn diagrams illustrating that (A ∪B)c = Ac ∩Bc.


28.


P (A∪B∪C) = P (A)+P (B)+P (C)−P (A∩B)−P (A∩C)−P (B∩C)+P (A∩B∩C)


29. C (independent events are never mutually exclusive). If two events A and B are
mutually exclusive, then P (A ∩B) = 0. If A and B are independent, P (A ∩B) =
P (A)P (B). P (A)P (B) cannot be 0 unless one or more of the events have probability
0, so for mutually exclusive events P (A ∩B) 6= P (A)P (B).


30. (a) If P (A) = 0.30 and P (B) = 0.30, then P (A ∩ B) = 0.09. False. P (A ∩ B)
would equal 0.09 if A and B are independent, but this statement is not true in
general.
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(a) A ∩B (b) (A ∩B)c


(c) Ac (d) Bc (e) Ac ∪Bc


Figure 4.12: Venn diagrams illustrating that (A ∩B)c = Ac ∪Bc.


(b) If P (A) = 0.30 and P (B) = 0.30, and P (A ∪ B) = 0.60, then A and B are
independent. False. The given probabilities imply P (A ∩ B) = 0, which does
not equal P (A)× P (B), and thus A and B are not independent.


(c) If P (A) = 0.50, and the probability that B occurs given A occurs is 0.50, then
P (A ∩ B) = 0.25. True. P (B|A) = P (A∩B)


P (A) = P (A∩B)
0.5 = 0.5. This implies


P (A ∩B) = 0.5× 0.5 = 0.25.


(d) If P (A) = 0, then A is independent of any event. True. If P (A) = 0, then
P (A|anything) = 0.


(e) If P (B|A) = 0.80, then P (B) > 0.80. False. The information P (B|A) = 0.80
implies only that 0 < P (A ∩B) < 1 and 0 < P (B) < 1.


31. (a) If P (A) = 0.6, P (B) = 0.7, then 0.3 ≤ P (A ∩ B) ≤ 0.6. True. P (A ∩ B)
cannot be greater than the lesser of P (A) and P (B) (0.6 in this case). Also,
P (A ∪ B) ≤ 1 =⇒ P (A) + P (B) − P (A ∩ B) ≤ 1 =⇒ P (A ∩ B) ≥
P (A) + P (B)− 1. Here, P (A ∩ B) ≥ 0.3. Putting these inequalities together,
0.3 ≤ P (A ∩B) ≤ 0.6. (Drawing a Venn diagram can help to visualize this.)


(b) If P (A) = 0.5, then for any event B: 0 ≤ P (A ∩ B) ≤ 0.5. True. With no
information about B we can say only that P (A∩B) ≥ 0 (since it’s a probability)
and P (A ∩ B) ≤ 0.5 (since the probability of the intersection cannot possibly
be greater than P (A).


(c) If P (A|B) = 0, then A and B are mutually exclusive. True. P (A|B) = 0 =⇒
P (A ∩B) = 0 =⇒ A and B are mutually exclusive.


(d) Suppose that P (A) = 0.99. Event A and its complement are mutually exclu-
sive and independent. False. A and Ac are mutually exclusive, but are not
independent. P (A|Ac) = 0 6= P (A).


(e) If P (A|B) 6= P (B) then A and B are not independent. False. Knowing
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P (A|B) 6= P (B) gives us very little information about A and B or their prob-
abilities of occurring. Given only the information P (A|B) 6= P (B), we cannot
possibly tell if A and B are independent, .


32. No, they are not independent. They are mutually exclusive, so P (A ∩B) = 0, but
P (A)× P (B) = 0.5× 0.3 = 0.15 6= 0.


33. (a) A and B are independent. (Knowing the outcome of the first toss gives us no
information about the outcome of the second toss.)


(b) A and Bc are independent. (Knowing the outcome of the first toss gives us no
information about the outcome of the second toss.)


(c) A and Ac are not independent. P (A|Ac) = 0 6= P (A). If we know the coin
came up tails (Ac), we know with certainty it did not come up heads (A) on
the same toss.


34. A and B are independent in plots B and D.


35. (a) P (A|B) < P (A). False. Knowing the person weighs more than 100 kg makes
if more likely they are male: P (A|B) > P (A). (The proportion of males that
weigh more than 100 kg is greater than that of females.)


(b) P (B|A) < P (B). False. Knowing the person is a male makes it more likely
they weigh more than 100 kg: P (B|A) > P (B). (The proportion of males that
weigh more than 100 kg is greater than that of females.)


(c) A and B are mutually exclusive. False. It is possible for a Canadian adult to
be both male and weight more than 100 kg.


(d) A and B are not independent. True, these are dependent events. (P (B|A) >
P (B)). For them to be independent events, the proportion of men that weigh
more than 100 kg would have to be exactly the same as the proportion of women
that weigh more than 100 kg.


36. (a) P (B|A) > P (B). A and B are not independent. Weather systems can be
large, and take several days to pass through. If it rains next Tuesday, it is
more likely to rain on the next the day than if there were bright sunshine on
Tuesday.


(b) P (B|A) = P (B). These events are independent. Knowing the weather next
Tuesday will tell us nothing about the weather 10 years from now.


(c) P (B|A) > P (B). These events are not independent. People who do not finish
high school are more likely to go to prison.


37. (a) No, they are not mutually exclusive. If the first coin comes up heads and the
second tails, they will both pass the part. P (A ∩B) = 1


4 .
(b) Yes, they are independent. P (A) = 1


2 , P (B) = 1
2 , and P (A ∩B) = 1


4 .


38. (a) The probability that Daniel passes the assignment is a tiny bit greater than
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0.40. He has a near zero chance of passing if he is guessing randomly, so his
probability of passing is just a bit larger than 0.5 × 0.8 + 0.5 × 0 = 0.40.
(Daniel’s probability of passing when guessing randomly is 0.0025. We don’t
yet know how to find this probability, but it should be clear that his probability
of passing when guessing randomly is very small.)


(b) No, they are not mutually exclusive. (It is possible that they both pass the
test.)


(c) No, they are not independent. If Magnus passes the assignment, Daniel will
also pass if he flipped heads. (And almost surely fail if he flipped tails,
since he is randomly guessing in that event.) If Magnus fails the assignment,
Daniel will almost surely fail. The information that Magnus passes makes it
much more likely that Daniel passes. P (Daniel passes|Magnus passes) ≈ 0.5,
P (Daniel passes|Magnus fails) ≈ 0.


39. (a) Probabilities can be negative. False. Probabilities must lie between 0 and 1.
(b) For any two events A and B, P (A|B) > P (A). False. P (A|B) can be greater


than, less than, or equal to P (A).
(c) If A and B are independent, then P (A|B) = 0. False.
(d) If two cards are drawn from a standard deck, the probability both cards are


red is greater if the cards are drawn with replacement than if they were drawn
without replacement. True. 26


52 ×
26
52 >


26
52 ×


25
51 .


(e) If two events A and B are independent, then their complements (Ac and Bc)
are also independent. True. This isn’t terribly difficult to prove, but it requires
a step that might more confusing than it’s worth. It may help to think of it
in these terms: Two events A and B are independent if knowing whether A
has occurred or A has not occurred does not change the probability of B. The
statement “A has occurred or A has not occurred” is equivalent to the statement
“Ac has not occurred or Ac has occurred.” If A and B are independent, so are
their complements.


(f) If A and B are mutually exclusive, then P (A|B) = 0. True. If A and B are
mutually exclusive, P (A∩B) = 0, which implies P (A|B) = P (A∩B)


P (B) = 0
P (B) =


0.


40. (a) If P (A) = P (B), then A and B are independent. False. We cannot possibly tell
if A and B are independent based solely on the information that P (A) = P (B).


(b) If P (A) > P (B), then P (A|B) ≥ P (B|A). True. P (A|B) = P (A∩B)
P (B) and


P (B|A) = P (A∩B)
P (A) . If P (A) > P (B), then P (A∩B)


P (B) > P (A∩B)
P (A) .


(c) If A and B are independent, P (A ∪B) = P (A) + P (B). False.
(d) If A and B are mutually exclusive, P (A∪B) = P (A) +P (B). True. If A and


B are mutually exclusive, P (A ∩ B) = 0 and so P (A ∪ B) = P (A) + P (B)−
P (A ∩B) = P(A) + P(B).


(e) If P (A|B) = 1, then P (B|A) = 1. False. Consider this counterexample: Roll a
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single die once and let A represent rolling an even number, and let B represent
rolling a 6. Here, P (A|B) = 1 but P (B|A) = 1


3 . (If B is a subset of A, this
does not imply A is a subset of B.)


4.8.3 Applications


41. (a) P (At least 1 is mislabelled) = 1−P (None are mislabelled) = 1−0.754 ≈ 0.68.
(b) No, it’s not a reasonable assumption (for a variety of reasons). For example,


some restaurants would be more likely than others to serve mislabelled sushi,
and thus mislabelled sushi would likely be clumped together. If, say, the first
3 pieces you get are mislabelled, there is a very good chance the fourth one
will also be mislabelled.


42. Let M represent the event the student is male, and J represent the event the
student has a job. A Venn diagram illustrating the counts in this situation is given
in Figure 4.13.


M J


15 5 20


10


Figure 4.13: Venn diagram for Question 42.


(a) P (Jc) = 25
50 = 0.5.


(b) P (M ∩ Jc) = 15
50 = 0.3.


(c) P (M |J) = 5
25 = 0.2.


(d) P (M |M c ∩ J) = 0.
(e) No, in this question job status and gender are not independent. P (J) = 0.5


but P (J |M) = 5
20 . Since


5
20 6= 0.5, job status is not independent of gender (if


a student is randomly selected from this group of students).


43. (a) 41+27+36+36+32+16
459 ≈ 0.4096.


(b) 133
459 ≈ 0.2898.


(c) 36+16
41+27+36+36+32+16 ≈ 0.2766.


(d) 27+32+36+16
41+27+36+36+32+16 ≈ 0.5904.


(e) 56
56+37+53 ≈ 0.3836.


(f) 27+32
37+43+27+32 ≈ 0.4245.


(g) 27+32+36+16
37+43+27+32+53+28+36+16 ≈ 0.4081.
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(h) No, these events are not independent. P (University) = 133
459 ≈ 0.2898, which


differs from P (University|Smoker) = 36+16
41+27+36+36+32+16 ≈ 0.2766.


(i) No, these events are not mutually exclusive. 52 of the people in the sample
have a university education and are smokers.


44. (a) P (Large) = 42+507
6272 = 549


6272 ≈ 0.088.
(b) P (Small, moderate, or large) = 201+2420+209+2769+42+507


6272 = 6148
6272 ≈ 0.980.


(c) P (Cancer) = 14+201+209+42
6272 = 466


6272 ≈ 0.074.
(d) P (Cancer|Never/Seldom) = 14


14+110 = 14
124 ≈ 0.113.


(e) P (Cancer|Large) = 42
42+507 = 42


549 ≈ 0.077.
(f) P (Large|Cancer) = 42


14+201+209+42 = 42
466 ≈ 0.090.


(g) P (Cancer|Small or Moderate) = 201+209
201+209+2420+2769 = 410


5599 ≈ 0.073.


45. Let G represent the event that the randomly selected student attended the Uni-
versity of Guelph, and F represent the event that the randomly selected student is
female.


(a) P (G) =
16, 783


52, 217
= 0.3214.


(b) P (F ) =
27, 278


52, 217
= 0.5224.


(c) P (G|F ) = 10,417
27,278 = 0.3819. (This is the number of female U of G students,


over the total number of female students.)
(d) P (F |G) = 10,417


16,783 = 0.6207. (This is the number of female University of Guelph
students, over the total number of U of G students.)


(e) We require: P (F |G ∪ Lc) =
P (F ∩ (G ∪ Lc))


P (G ∪ Lc)
P (G ∪ Lc) is the probability that a randomly selected student attended the
University of Guelph and not Laurier (which means they attended Guelph or
Waterloo):


P (G ∪ Lc) =
16, 783 + 24, 377


52, 217
=


41, 160


52, 217


P (F ∩ (G∪Lc)) is the probability that a randomly selected student is a female
student at Guelph or Waterloo (not Laurier):


P (F ∩ (G ∪ Lc)) =
10, 417 + 10, 607


52, 217
=


21, 024


52, 217


We can now calculate the final answer:


P (F |(G ∪ Lc)) =
P (F ∩ (G ∪ Lc))


P (G ∪ Lc)
=


21, 024/52, 217


41, 160/52, 217
=


21, 024


41, 160
= 0.5108


46. (a) P (Good|Man) = 23
30 ≈ 0.767.
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(b) P (Man|Woman) = 0.
(c) No, these events are not independent. P (Good) = 40


65 ≈ 0.615, but P (Good|Man) =
23
30 ≈ 0.767. (Males were more likely than females to call the dining experience
good.)


(d) These events are mutually exclusive and not independent.


47. (a) 0.99× 0.98 = 0.9702.
(b) (1− 0.99)× (1− 0.98) = 0.0002.
(c) P (At least 1 goes off) = 1− P (Neither goes off) = 1− 0.0002 = 0.9998.
(d) B or C, as we are interested in the probability of being woken up. (We want


the probability of the event that at least one alarm goes off, or the probability
of its complement, the event that neither alarm goes off.)


48. (a) 4
52 ×


4
52 = 1


169 ≈ 0.006.
(b)


P (Two kings | At least 1 king) =
P (Two kings ∩ At least 1 king)


P (At least 1 king)


=
P (Two kings)


1− P (No kings)


=
4
52 ×


4
52


1− (48
52)2


= 0.04


(c)


P (Exactly one is red) = P (First card is red and second is black) + P (First card is black and second is red)


=
26


52
× 26


52
+


26


52
× 26


52
= 0.5


(d)


P (At least one card is red) = 1− P (Neither card is red)


= 1− 26


52
× 26


52
= 0.75


(e) Drawing a king is independent of drawing a red card (there are 2 red kings and
2 black kings in the deck). The two draws are independent, since the cards
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are drawn with replacement. So:


P (At least one king and at least one red card) = P (At least one king)× P (At least one red card)


= (1− P (no kings))× (1− P (no red cards))


= (1− (
48


52
)2)× (1− (


26


52
)2)


≈ 0.1109


49. (a) 4
52 ×


3
51 = 1


221 ≈ 0.0045.
(b)


P (Two kings | At least 1 king) =
P (Two kings ∩ At least 1 king)


P (At least 1 king)


=
P (Two kings)


1− P (No kings)


=
4
52 ×


3
51


1− 48
52 ×


47
51


≈ 0.0303


(c)


P (Exactly one is red) = P (First card is red and second is black) + P (First card is black and second is red)


=
26


52
× 26


51
+


26


52
× 26


51
≈ 0.5098


(d)


P (At least one card is red) = 1− P (Neither card is red)


= 1− 26


52
× 25


51
≈ 0.7549


(e) (One way to approach this is to draw a tree diagram, with 4 branches for each
card: red king, black king, red non-king, black non-king.) The probability of
getting at least one king and at least one red card is: 2


52 ×
51
51 + 2


52 ×
26
51 + 24


52 ×
4
51 + 24


52 ×
2
51 = 298


52×51 ≈ 0.1123680.


50. Let F represent the event that Mateo takes his Ferrari, and A represent the event
that he gets into an accident. P (F ) = P (2 heads) = 1


2 ·
1
2 = 1


4 . The tree diagram
for this scenario is illustrated in Figure 4.14.
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Ferrari?


Accident?


P (F c ∩Ac) = 0.75 · 0.96


Ac


0.96


P (F c ∩A) = 0.75 · 0.04 (Accident)A


0.04


F c


0.75


Accident?


P (F ∩Ac) = 0.25 · 0.92


Ac


0.92


P (F ∩A) = 0.25 · 0.08 (Accident)A


0.08


F


0.25


Figure 4.14: The tree diagram for Question 50. F represents the event that Mateo takes
his Ferrari and A represents the event that he gets into an accident.


(a) This is the sum of the probabilities of the two branches of the tree diagram
that lead to an accident. More formally:


P (A) = P (A ∩ F ) + P (A ∩ F c)
= P (F )P (A|F ) + P (F c)P (A|F c)
= 0.25 · 0.08 + 0.75 · 0.04


= 0.05


(b) 0.08. (This is given in the question.)
(c) We are given that Mateo has gotten into an accident, so either the first branch


or third branch of the tree diagram has occurred. What is the conditional
probability the first branch has occurred? This is the probability of the first
branch, divided by the sum of the probabilities of the first and third branches.
More formally:


P (F |A) =
P (F ∩A)


P (A)


=
P (F )P (A|F )


P (F )P (A|F ) + P (F c)P (A|F c)


=
0.25 · 0.08


0.25 · 0.08 + 0.75 · 0.04


= 0.40


51. (a) 0.8 · 0.02 + 0.05 · 0.04 + 0.15 · 0.14 = 0.039.
(b) 0.15·0.14


0.8·0.02+0.05·0.04+0.15·0.14 ≈ 0.538.
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52. (a) 0.55 · 0.40 + 0.35 · 0.90 + 0.10 · 0.55 = 0.59.
(b) 0.55·0.40


0.55·0.40+0.35·0.90+0.10·0.55 = 0.373.


53. (a) It often helps to illustrate this type of problem with a tree diagram, as in
Figure 4.15.


P (Respond “Yes”) = P (Heads) + P (Tails ∩ Stolen)


= 0.5 + 0.5 · 0.2
= 0.6


Heads
or Tails?


Stolen?


Respond “No”


N
0.8


Respond “Yes”Y
0.2


T
0.5


Stolen?


Respond “Yes”


N
0.8


Respond “Yes”Y
0.2


H
0.5


Figure 4.15: Tree diagram for the random response problem.


(b) There are 3 branches of the tree that lead to a “Yes” response. Combined,
these 3 branches yield us a probability of “Yes” of 0.60. In two of these 3
branches, the person has actually stolen from their employer.


P (Stolen|Yes) =
P (Stolen ∩Yes)


P (Yes)
=


0.5 · 0.2 + 0.5 · 0.2
0.60


=
1


3


This is the ratio of the sum of the probabilities of the branches in which the
person has both stolen and responded “Yes”, to the probability that a person
gives a “Yes” response.


(c) This question is a little bit trickier. We know that:


P (Yes) = P (Heads) + P (Tails ∩ Stolen) = P (Heads) + P (Tails)P (Stolen)


(P (Tails ∩ Stolen) = P (Tails) × P (Stolen), since getting tails on the coin
toss is independent of whether the respondent has actually stolen from their
employer.) The probability of getting heads is assumed to be 0.50 (we’re
assuming a fair coin), and thus:


P (Yes) = 0.50 + 0.50× P (Stolen)
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Since the best estimate of P (Yes) is 0.67 (67% of respondents said yes), the
best estimate of P (Stolen) is 0.67−0.5


0.5 = 0.34.
Keep in mind that most people find it easier to use the tree diagram approach
for these types of questions.


54. The probability of getting a “yes” response is:


P (Yes) =
4


6
+


2


6
× P (Cheat)


Since 82% of people said “yes”, the estimated probability of a “yes” response is 0.82,
and so:


0.82 =
4


6
+


2


6
× Estimated proportion that cheated


So the estimated proportion of these people who have cheated is: 0.82− 4
6


2


6


= 0.46.


55. (a) P (none have the disorder) = (1− 1
1000)30 = 0.9704.


(b) You will have to sample more than 500 mice if the first 500 mice do not have
the disorder:


P (First 500 do not have the disorder) = 0.999500 = 0.6064


Note that this probability is quite a bit bigger than 50%. Surprising?
(c) If we sample k mice, the probability that at least one has the disorder is:


P (At least one has the disorder) = 1−P (None have the disorder) = 1−0.999k


We need to find the minimum value of k such that 1− 0.999k ≥ 0.50. This
implies we need the value of k such that 0.999k ≤ 0.50. We could use trial-
and-error, or we could find k a little more efficiently using logarithms:


0.999k ≤ 0.50 =⇒ k·log(0.999) ≤ log(0.50) =⇒ k ≥ log(0.50)


log(0.999)
=⇒ k ≥ 692.8.


We would need to sample at least 693 mice to have at least a 50% chance of
finding a mouse with the defect. Would you have guessed a value this large?


56. (a) P (System failure) = P (All components fail) = 0.324 ≈ 0.01048.
(b) Here we need to find k such that 0.32k < 0.0001. We could use trial and


error, but it’s usually a little more efficient to use properties of logs: 0.32k <
0.0001 =⇒ kln(0.32) < ln(0.0001) =⇒ k > ln(0.0001)


ln(0.32) =⇒ k > 8.083257.
We would need at least 9 components connected in parallel to ensure the
probability of failure is less than 0.0001.


57. (a) 0.775 = 0.2707.
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(b) 0.7710 = 0.0732.
(c) Here we need to find k such that 1 − 0.77k ≥ 0.99990. We could use trial


and error, but it’s usually a little more efficient to use properties of logs:
1 − 0.77k ≥ 0.99990 =⇒ 0.77k ≤ 0.0001 =⇒ kln(0.77) ≤ ln(0.0001) =⇒
k ≥ ln(0.0001)


ln(0.77) =⇒ k > 35.23941. Since k must be an integer, we would need
at least 36 components connected in parallel to have a probability of failure
this low.


58. (a) 0.9999 · 0.0001 = 0.00009999.
(b) 0.99999 · 0.0001 = 0.0000991.
(c) This will occur as long as the first 2000 do not all not have the disorder:


P (First 2000 have none with the disorder) = 0.99992000. The probability we
are looking for here is the complement of this: P (First 2000 have at least one with the disorder) =
1− 0.99992000 = 0.181.


59. (a) 178
200 = 0.89.


(b) 20
4+20 = 0.833.


(c) No. P (A thought it a forgery) = 0.11, P (A thought it a forgery|B thought it a forgery) =
0.8333. Even though they are viewing the piece independently (using the En-
glish language meaning of the term), they are experts, and knowing that one
of them thought the piece a forgery makes it much more likely it is a forgery,
which makes it more likely the other will think so as well.


60. Let J represent the event that John goes to the party, and S represent the event
that Stephanie goes to the party. In the question we are given the conditional
probabilities P (J |S) = 0.94 and P (J |Sc) = 0.03.


(a) This scenario is illustrated in Figure 4.16.
P (J) = P (S)P (J |S) +P (Sc)P (J |Sc) = 0.8 · 0.94 + 0.2 · 0.03 = 0.758. (This is
the sum of the probabilities of the first and third branches in the tree diagram.)


(b) This scenario is illustrated in Figure 4.17.


P (J) = 0.38


=⇒ P (S)P (J |S) + P (Sc)P (J |Sc) = 0.38


=⇒ P (S) · 0.94 + (1− P (S)) · 0.03 = 0.38


=⇒ P (S) = 0.3846


(c) They are not mutually exclusive since they can both attend the party. They
are not independent; John is much more likely to go to the party if Stephanie
goes.


61. Most people find it helpful to draw a tree diagram for this type of problem (see
Figure 4.18).
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Stephanie
goes?


John
goes?


P (Sc ∩ Jc) = 0.20 · 0.97


Jc


0.97


P (Sc ∩ J) = 0.20 · 0.03 (John goes)J


0.03


Sc


0.20


John
goes?


P (S ∩ Jc) = 0.80 · 0.06


Jc


0.06


P (S ∩ J) = 0.80 · 0.94 (John goes)J


0.94


S


0.80


Figure 4.16: The tree diagram for Question 60a.


Stephanie
goes?


John
goes?


P (Sc ∩ Jc) = P (Sc) · 0.97


Jc


0.97


P (Sc ∩ J) = P (Sc) · 0.03 (John goes)J


0.03


Sc


P (Sc)


John
goes?


P (S ∩ Jc) = P (S) · 0.06


Jc


0.06


P (S ∩ J) = P (S) · 0.94 (John goes)J


0.94


S


P (S)


Figure 4.17: The tree diagram for Question 60b.


P (+ve test) = P (Defect ∩+ve test) + P (No defect ∩+ve test)
= 0.00001 · 0.99 + (1− .00001) · 0.005


= 0.00500985
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(a)


Defect?


Positive
test?


P (Dc ∩ −ve) = 0.99999 · 0.995


-ve
0.995


P (Dc ∩+ve) = 0.99999 · 0.005+ve
0.005


Dc


0.99999


Positive
test?


P (D ∩ −ve) = 0.00001 · 0.01


-ve
0.01


P (D ∩+ve) = 0.00001 · 0.99+ve
0.99


D
0.00001


Figure 4.18: Tree diagram for the genetic defect problem.


(b)


P (Defect | +ve test) =
P (Defect ∩+ve test)


P (+ve test)


=
0.00001 · 0.99


0.00001 · 0.99 + (1− 0.00001) · 0.005


= 0.001976


Note that there is very little chance the person has the defect, even though
they tested positive.


62. (a) 0.99726, as given in the table.
(b) 1− 0.99726 = 0.00274.
(c) This is impossible to determine from the given information (but could be


figured out from similar information given at the StatsCan site).
(d) 0.99775 · 0.99751 · 0.99726 · (1− 0.99702) = 0.002957765.
(e) 0.99775 · 0.99751 · 0.99726 = 0.9925386.
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Chapter 3


Descriptive Statistics


“A picture is worth a thousand words.”
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Supporting Videos For This Chapter


• Measures of Central Tendency (8:31) (http://youtu.be/NM_iOLUwZFA)


• Measures of Variability (12:12) (http://youtu.be/Cx2tGUze60s)


• The Sample Variance: Why Divide by n-1? (6:53)
(http://youtu.be/9ONRMymR2Eg)


• Z-Scores (As a Descriptive Measure of Relative Standing) (8:08)
(http://youtu.be/EhUvGRddC4M)



http://youtu.be/NM_iOLUwZFA

http://youtu.be/NM_iOLUwZFA

http://youtu.be/Cx2tGUze60s

http://youtu.be/Cx2tGUze60s

http://youtu.be/9ONRMymR2Eg

http://youtu.be/9ONRMymR2Eg

http://youtu.be/EhUvGRddC4M

http://youtu.be/EhUvGRddC4M
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3.1 Introduction


In descriptive statistics, plots and numerical summaries are used to describe
and illustrate a data set.


3.2 Plots for Categorical and Quantitative Variables


3.2.1 Plots for Categorical Variables


A categorical variable is a variable that falls into one of two or more categories.


Examples include:


• A university student’s major.
• The province in which a Canadian resides.
• A person’s blood type.


Categorical variables are sometimes referred to as qualitative variables.


We illustrate the distribution of a categorical variable by displaying the count or
proportion of observations in each category. This is done using:


• Bar charts
• Pareto diagrams (an ordered bar chart)
• Pie charts


Example 3.1 Many cities in the United States have buyback programs for hand-
guns, in which the police department pays people to turn in guns. The guns are
then destroyed. Is there a difference between the distribution of the size of guns
turned in during buyback programs and the distribution of the size of guns used
in homicides and suicides? A study1 investigated this question, using data from
a gun buyback program in Milwaukee. Table 3.1 illustrates the distribution of
the calibre of the gun (small, medium, large, other) in the different scenarios.


Let’s first focus on only the 369 guns used in homicides, putting the observations
into the frequency table illustrated in Table 3.2.


Take note of a few key terms:
1Kuhn, E., Nie, C., O’Brien, M., Withers, R. L., Wintemute, G., and Hargarten, S. W. (2002).
Missing the target: a comparison of buyback and fatality related guns. Injury Prevention,
8:143–146
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Gun Calibre Buybacks Homicides Suicides
Small 719 75 40


Medium 182 202 72
Large 20 40 13
Other 20 52 0


Table 3.1: Gun calibre for buyback guns and guns used in homicides and suicides.


Calibre Frequency Relative Frequency % Relative Frequency
Small 75 75/369 = 0.203 20.3


Medium 202 202/369 = 0.547 54.7
Large 40 40/369 = 0.108 10.8
Other 52 52/369 = 0.141 14.1


Table 3.2: Frequency table for the 369 homicide guns.


• The frequency is the number of observations in a category.


• The relative frequency is the proportion of observations in a category:


relative frequency =
frequency


n
, where n represents the total number of


observations in the sample.


• The percent relative frequency is the relative frequency expressed as a


percentage: percent relative frequency =
frequency


n
× 100%.


A bar graph or bar chart illustrates the distribution of a categorical variable.
The categories are often placed on the x axis, with the frequency, relative fre-
quency, or percent relative frequency on the y axis. In a bar graph, the categories
can be sorted in whatever order you wish to display them (but there may be a
natural ordering, depending on the variable). In some cases it may be easier to
interpret the plot if the frequencies are put in ascending or descending order.
A Pareto diagram is a bar graph in which the frequencies are sorted from
largest to smallest. Figure 3.1 illustrates a bar chart and Pareto diagram for the
homicide guns data.


Pie charts display the same type of data from a different perspective. In a pie
chart the relative frequency of each category is represented by the area of the pie
segment. For example, medium calibre guns represent 54.7% of the area of the
pie chart for the gun data, as illustrated in Figure 3.2.


These plots illustrate the distribution of a single categorical variable (the calibre
of guns used in homicides). But the major point of interest in the study was to
compare the calibre of the guns turned in to police with the calibre of those used in
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(a) Bar chart for the homicide guns.
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(b) Pareto diagram for the homicide guns.


Figure 3.1: Bar chart and Pareto diagram of the homicide guns.


Small
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Other


Figure 3.2: Pie chart for the homicide guns.


homicides and suicides. Is there a difference in the distribution of calibre between
these categories of gun? The differences in distributions can be illustrated with
side-by-side bar charts or stacked bar charts, as in Figure 3.3. It certainly
looks as though people are more willing to turn in smaller calibre guns. (But
some of that effect may be due to other factors, such as a greater chance of death
when a larger calibre gun is used.)


3.2.2 Graphs for Quantitative Variables


A quantitative variable is a numeric variable that represents a measurable quan-
tity. Examples include:


• Height of a student.
• Length of stay in hospital after a certain type of surgery.
• Weight of a newborn African elephant.


For quantitative variables, numerical summaries such as averages have meaning.
(Average height, average length of stay in hospital, and average weight are all
meaningful quantities.) Attaching numbers to the levels of a categorical variable
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(a) Side-by-side bar charts.
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(b) Stacked bar charts.


Figure 3.3: The distribution of calibre of gun for buybacks, homicides, and sui-
cides.


does not make it a quantitative variable. For example, in Table 3.3 numeric values
are attached to an eye colour variable.


Eye colour Blue Brown Other
Value 1 2 3


Table 3.3: Three eye colour categories, represented by the numbers 1, 2, 3.


The eye colour variable now takes on numerical values, but any calculations on
those values would not make sense. (For example, the average of one blue and
one other is 2, which is the same as the average of two browns. That’s just silly.)
Eye colour is still a categorical variable, with the categories now represented by
the numbers 1, 2, and 3.


To illustrate the distribution of a quantitative variable, we plot the different
values of the variable and how often these values occur. This can be done in a
variety of ways, including:


• Histograms
• Stemplots (also known as stem-and-leaf displays)
• Boxplots
• Dot plots


In this text, histograms and boxplots will be the primary methods of illustrating
the distribution of a quantitative variable. Stemplots and dot plots will be used
on occasion.


A histogram is a very common way of displaying quantitative data. In the modern
era we rely almost exclusively on software to create histograms, so we won’t dwell
on the details of how to create a proper histogram. But a basic knowledge of
how histograms are created is required in order to properly interpret them.
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To create a histogram, we first create a frequency table. In a frequency table,
a quantitative variable is divided into a number of classes (also known as bins),
and the class boundaries and frequency of each class is listed. To construct a
frequency table, we first need to choose an appropriate number of classes. The
number of classes should be chosen such that the resulting histogram provides
a good visual description of the variable’s distribution. The number of classes
may be just a few or many, depending on the values of the variable and the
number of observations. (There will typically be somewhere between 5 and 20
classes.) After choosing a reasonable number of classes, choose appropriate class
boundaries. (The width of each class should be the same, and approximately
equal to the range of the observed data divided by the number of classes.) We
then count the number of observations within each class.


Example 3.2 Consider the results of a sample of 40 students on an introductory
statistics midterm exam:


21 32 32 33 37 39 41 44 46 48 48 48 54 55 57 57 63 64 65 65 66
67 67 69 69 71 72 72 73 73 75 77 77 78 82 87 87 88 94 97


There are 40 observations, varying from a low of 21 to a high of 97. What is the
appropriate number of classes for the frequency table? As is frequently the case,
there is more than one reasonable choice. We could use software to plot a number
of histograms with different classes until we get what we feel is an appropriate
plot. But here it seems natural to have 8 classes, representing 20–29, 30–39, ...,
90–99. This breakdown is illustrated in Table 3.4.


Class Relative %Relative Cumulative Cumulative % Cumulative
Boundaries Frequency Frequency Frequency Frequency Relative Frequency Relative Frequency


20-29 1 1/40 = .025 2.5 1 0.025 2.50%
30-39 5 5/40 = .125 12.5 6 0.150 15.00%
40-49 6 6/40 = .150 15 12 0.300 30.00%
50-59 4 4/40 = .100 10 16 0.400 40.00%
60-69 9 9/40 = .225 22.5 25 0.625 62.50%
70-79 9 9/40 = .225 22.5 34 0.850 85.00%
80-89 4 4/40 = .100 10.0 38 0.950 95.00%
90-99 2 2/40 = .050 5.0 40 1 100.00%


Table 3.4: Frequency table for exam scores.


There are two new terms in this table. The cumulative frequency of a class
is the number of observations in that class and any lower class (this was not
needed in plots for categorical variables). For example, the cumulative frequency
of the third class is 1 + 5 + 6 = 12, since there is 1 observation in the first
class, 5 in the second, and 6 in the third. The percent relative cumulative
frequency of a class is the percentage of observations in that class and any lower
class. For example, the third class has a percent relative cumulative frequency
of 12


40 × 100% = 30%.
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These values can be plotted in a histogram. A histogram is a plot of the class
frequencies, relative frequencies, or percent relative frequencies against the class
boundaries (or class midpoints). This is illustrated for the exam score data in
Figure 3.4. When we construct a frequency table or histogram, we can choose
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Figure 3.4: Frequency histogram of exam scores.


any number of classes. We should choose enough classes to yield a reasonable
illustration of the shape of the distribution of the variable, but not so many
that there are too few observations in each class. (See Figure 3.5 for an exam-
ple.) Statistical software often picks a reasonable number of classes and class
boundaries as the default. But the default values can be changed, and with some
experimentation we may be able to find a more appropriate histogram.


Since it is easy to plot histograms with software, you may never have a need to
plot a histogram by hand. But the ability to properly interpret a histogram is a
needed skill.


A stemplot, also known as a stem-and-leaf display, is a different type of plot
that is similar to a histogram. Stemplots are easier to construct by hand than
histograms, but unlike histograms, stemplots retain the exact data values.


To construct a stemplot:


1. Split each observation into a stem and a leaf.
2. List the stems in ascending order in a column.
3. List the leaves in ascending order next to their corresponding stem.


Consider again the data from Example 3.2.2:


21 32 32 33 37 39 41 44 46 48 48 48 54 55 57 57 63 64 65 65 66
67 67 69 69 71 72 72 73 73 75 77 77 78 82 87 87 88 94 97
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Figure 3.5: Three histograms of the same data. The histogram on the left has
too many classes. The histogram in the middle has too few. The histogram on
the right has a reasonable number of classes.


Each observation can be split into a stem (the tens column—2, 3, 4,. . ., 9), and
a leaf (the ones column). The leaf is the last digit of the number.


Stem | Leaf Stem | Leaf Stem | Leaf Stem | Leaf
2|1 3|2 . . . 9|4 9|7


2 | 1 (this line represents the number 21)
3 | 22379 (this line represents the numbers 32, 32, 33, 37, 39)
4 | 146888
5 | 4577
6 | 345567799
7 | 122335778
8 | 2778
9 | 47


A stemplot is similar in appearance to a histogram turned on its side. Stemplots
are easy to construct by hand, especially for small data sets. They can be useful,
but they are not used nearly as often as histograms. Stemplots have an advantage
over histograms in that they retain the exact data values, but stemplots are not
as flexible (they don’t have as many options for the class boundaries), and for
large data sets they become unwieldy.


A stemplot must include a legend informing the reader how to interpret the stem
and the leaf. For example, consider the following sample of 8 observations:


0.0002, 0.0004, 0.0016, 0.0016, 0.0018, 0.0022, 0.0029, 0.0031, 0.0038, 0.0052,
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0.0052, 0.0067.


The stemplot output from the statistical software R is:


The decimal point is 3 digit(s) to the left of the |


0 | 24
1 | 668
2 | 29
3 | 18
4 |
5 | 22
6 | 7


Without the comment informing us that the decimal point is “3 digit(s) to the
left of the |”, we would not know if the data set was 2, 4, 16, . . ., or 0.2, 0.4, 1.6,
. . ., or 0.02, 0.04, 0.16,. . ., etc.


There are different variants of the stemplot, including split-stem stemplots and
back-to-back stemplots.


Example 3.3 Consider the histogram of survival times given in Figure 3.6. This
histogram represents times to death for 60 guinea pigs that received a dose of
tubercle bacilli.2
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Figure 3.6: Survival times (days) for 60 guinea pigs injected with tubercle bacilli.


Histograms and stemplots allow us to see the distribution of the data (what
values the variable takes on, and how often it takes on these values).
2This data is data from Doksum, K. (1974). Empirical probability plots and statistical inference
for nonlinear models in the two-sample case. Annals of Statistics, 2:267–277.
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When looking at a histogram or other plot of a quantitative variable, there are
a few important aspects of the distribution to take note of:


• The centre of the distribution (we will use numerical measures such as the
mean and the median as descriptive measures of centre).


• The variability or dispersion of the observations (we will use numerical mea-
sures such as the variance and standard deviation as descriptive measures
of variability).


• Are there any outliers? An outlier is an observation that falls far from
the overall pattern of observations (an extreme observation). Outliers can
pose problems in the interpretation of descriptive measures and the results
of statistical inference procedures.


• The shape of the distribution. Is the distribution symmetric? Is it
skewed (stretched out toward the right or left side)? The shape of a
distribution will be an important consideration later on when we choose
and carry out appropriate statistical inference procedures.


In a symmetric distribution, the left side and right sides are mirror images.
Figure 3.7 illustrates an approximately symmetric distribution. The distribution
in Figure 3.7 is also approximately normal (sometimes called bell-shaped, since it
looks a little like the profile of a bell). The normal distribution is a very important
distribution that comes up frequently in statistics. and we will discuss it in detail
in Section 6.4.


Figures 3.8 and 3.9 illustrate distributions that are skewed to the right (some-
times called positively skewed), and distributions that are skewed to the left
(sometimes called negatively skewed). Right skewness is often seen in variables
that involve time to an event, or variables such as housing prices and salaries.
Left skewness is not as common.


Figure 3.7: A histogram illustrating an approximately symmetric distribution


3The birth weight data in Figure 3.9 is from random sample of 1000 males drawn from Table
7-2 (Live births, by birth weight and geography—Males) of the Statistics Canada publication
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(a) A distribution that is skewed to the right. (b) A distribution that is skewed to the left.


Figure 3.8: Figures illustrating right and left skewness.
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(a) Lifetimes of guinea pigs from Exam-
ple 3.3, which are skewed to the right. Time-
to-event data is often right skewed.
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(b) Birth weights of a random sample of 1000
Canadian male births in 2009. There is a
little left skewness, largely due to premature
babies having lower birth weight.


Figure 3.9: Real world data sets illustrating right and left skewness.3


The distributions in Figures 3.7, 3.8, and 3.9 are unimodal (they have a single
peak). Most distributions we deal with will be unimodal. But distributions can
be bimodal (two peaks) or multimodal (multiple peaks). Figure 3.10 illustrates
a bimodal distribution.


3.3 Numerical Measures


In this section it is assumed that the data is from a sample, and does not represent
the entire population. This will be the case the vast majority of the time in
practice. If the data represents the entire population, there would be different
notation and a small change to one formula.


84F0210X, available at http://www.statcan.gc.ca/pub/84f0210x/2009000/t011-eng.htm.



http://www.statcan.gc.ca/pub/84f0210x/2009000/t011-eng.htm





Balka ISE 1.10 3.3. NUMERICAL MEASURES 33


Fr
eq


ue
nc


y


1000 2000 3000 40000
20


40
60


80


Figure 3.10: A bimodal distribution.


3.3.1 Summation Notation


Let n represent the number of observations in a sample. Suppose we have a
sample of size n = 4: −4, 12, 18, −2. We label these values x1, x2, x3, x4. That
is, x1 = −4, x2 = 12, x3 = 18, x4 = −2.


You may be familiar with summation notation. If so, you can skip ahead to
Section 3.3.2.1. Otherwise, let’s take a quick look at the basics of summation
notation.∑n


i=1 xi means add up the x values from x1 through xn. When we carry out a
summation in statistics, we almost always want to sum all the observations, so
we often use a bit of shorthand in the notation:∑


xi =


n∑
i=1


xi


(If the limits of summation are omitted, it is assumed we are summing from i = 1
to n.)


For the example:∑
xi =


n∑
i=1


xi =
4∑
i=1


xi = −4 + 12 + 18 + (−2) = 24


Other important quantities that come up from time to time:∑
x2
i = (−4)2 + 122 + 182 + (−2)2 = 488


(
∑


xi)
2 = 242 = 576


Note that
∑
x2
i (the sum of squared observations) is not equal to (


∑
xi)


2 (the
square of the sum of the observations).
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3.3.2 Measures of Central Tendency


3.3.2.1 Mean, Median, and Mode


The most common measures of central tendency are the mean and the median.


The sample mean,4 represented by x̄ (read as “x bar”), is the average of all of
the observations:


x̄ =


∑
xi
n


The symbol x̄ represents the mean of a sample. In statistical inference, we often
use the sample mean x̄ to estimate the mean of the entire population. (The mean
of a population is a parameter whose value is typically unknown. It is usually
represented by the Greek letter µ (pronounced myoo).)


The median is the value that falls in the middle when the data are ordered from
smallest to largest:


• If n is odd, the median is the middle value.
• If n is even, the median is the average of the two middle values.


(There is not universal notation for the median. Different sources may represent
the median by x̃, M , Md, or something else.)


The mode is the most frequently occurring observation.


Example 3.4 How old does the oldest player on an NHL roster tend to be? A
random sample of 5 NHL teams revealed the following ages for the oldest player
on their current roster: 35, 40, 34, 36, 36.5


What are the mean, median, and mode of this sample?


x̄ =


∑
xi
n


=
35 + 40 + 34 + 36 + 36


5
= 36.2


To find the median, first order the data from least to greatest: 34, 35, 36, 36, 40.
The median is 36, the middle (third) value in the ordered list.


The mode is 36, as it occurs more often than any other value.


The mean uses every data point’s value in the calculation. The median uses
the values when ordering from least to greatest, but only the middle values are
4This is the arithmetic mean. There are other means that are useful in different situations,
such as the harmonic mean and geometric mean. But for our purposes we will be concerned
with the arithmetic mean, and we will refer to it simply as the mean.


5This data was obtained from www.NHL.com on January 14, 2011.
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used in the final calculation. (Some information is lost.) So the mean uses
more information, but it is more sensitive to extreme values in the data. To
illustrate this, suppose we had incorrectly recorded the largest value in the
NHL sample as 400 instead of 40. The sample observations would then be
34, 35, 36, 36, 400. What effect does this have on the mean and median? The
new mean is x̄ =


∑
xi
n = 34+35+36+36+400


5 = 108.2, which is a great deal different
from 36.2 (the mean of the original data). But the median is unchanged at 36.
The median is not nearly as sensitive to extreme observations as the mean.


For a bit of a different perspective, consider the plots in Figure 3.11, which are
dot plots of 6 sample observations: 0.2, 3.9, 5.0, 6.2, 8.4, 26.1. (These values have
a mean of 8.3 and a median of 5.6.) If the dots had physical weight (an equal
weight for each dot), and they were resting on a stiff board of negligible weight,
then a fulcrum placed at the mean would balance the weights. A fulcrum placed
at the median, or any other position, would not balance the weights. Extreme
values draw the mean toward them.


0 5 10 15 20 25


Mean
(8.3)


|


25
|


20
|


15
|


10
|


5
|


0


Median
(5.6)


Figure 3.11: If the dots had physical weight, then a fulcrum (represented by the
red triangle) placed at the mean would balance the weights. If the fulcrum were
placed at the median, or anywhere else, the board would tip.


Figure 3.12 illustrates the mean, median and modal class (the class with the
greatest frequency) for the guinea pig survival time data of Example 3.3. Note
that for right-skewed distributions such as this one, the larger values in the
right tail result in the mean being greater than the median. (The values for the
median and mean were calculated using the raw data—they cannot be calculated
precisely from only the histogram.)


Figure 3.13 illustrates the mean and median for a left-skewed distribution, and
a perfectly symmetric distribution. For left-skewed distributions, the mean is
less than the median. For a perfectly symmetric distribution, the mean and
median will be equal. (For an approximately symmetric distribution, the mean
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Figure 3.12: The mean, median, and modal class for the guinea pig survival data
(a right-skewed distribution). In right-skewed distributions, the mean is greater
than the median.


and median will be close in value.)
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(a) A left-skewed distribution. The mean is
less than the median.
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(b) A perfectly symmetric distribution. The
mean and median are equal.


Figure 3.13: The mean and median for a left-skewed distribution and a perfectly
symmetric distribution.


When should the mean be used as a measure of centre, and when would the
median be more appropriate? The mean uses more information than the median,
and has some nice mathematical properties that make it the measure of choice
for many statistical inference procedures. But the mean can sometimes give a
misleading measure of centre, since it can be strongly influenced by skewness or
extreme values. In these situations, the median is often the preferred descriptive
measure of centre. (The median is often the reported measure of centre for
right-skewed data such as housing prices, salaries, and time-to-event data.)
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3.3.2.2 Other Measures of Central Tendency


There are many other measures of central tendency that are sometimes used in
statistics, including:


• The trimmed mean, in which a certain percentage of the largest and
smallest observations are omitted from the calculations. This results in a
mean that is less sensitive to extreme values.


• The weighted mean, in which some observations are given more weight
in the calculations.


• The midrange (the midpoint between the largest and smallest observa-
tions).


• The harmonic mean:
n∑n
i=1


1
xi


. (The reciprocal of the arithmetic mean


of the reciprocals.)


• The geometric mean: (
n∏
i=1


xi)
1/n. (The nth root of the product of the


observations.)


There are practical situations in which one of these measures may be the most
appropriate measure of centre. But for the remainder of this text we will focus
on the arithmetic mean and the median and not discuss these alternatives.


3.3.3 Measures of Variability


The variability or dispersion of a variable is often very important in applications.
For example, packaged food producers would like to put a consistent amount of
product into every package.6 If there is a lot of variability, then some packages
will be overfilled, and some will be underfilled—this will not leave customers
very happy. In the world of finance, variability is often an extremely important
consideration. For example, properly pricing stock options depends heavily on
having a good estimate of the variability in the stock price.


The simplest measure of variability is the range: Range = Maximum−Minimum.
6Ideally they would put exactly the stated amount into each and every container, but it is
impossible to do so. Food producers usually aim for an average that is a little more than the
stated amount, in an effort to ensure very few containers have less than the stated amount.
We’ll look at some examples of this in later chapters.
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Consider a simple sample data set of size n = 4: 44, 35, 25, 48. Range = 48− 25 = 23.


The range is a simple measure of variability but it does not provide a great deal of
information. We can construct many different data sets, each with very different
variability, that all have the same range. A better measure of variability is
needed. The best measures of variability are based on deviations from the mean,
illustrated in Table 3.5 and Figure 3.14.


Observation Value Deviation Absolute value of deviation Squared deviation
i xi xi − x̄ |xi − x̄| (xi − x̄)2


1 44 44− 38 = 6 6 62


2 35 35− 38 = −3 3 (−3)2


3 25 25− 38 = −13 13 (−13)2


4 48 48− 38 = 10 10 102


sum 152 0 32 314


Table 3.5: Deviations, absolute value of deviations, and squared deviations for
the sample data set.


25 35 44 48


-13
-3 6


10


38


Figure 3.14: The deviations corresponding to the observations 44, 35, 25, and
48. The red dashed line represents the mean of 38.


Every observation has a deviation associated with it. Note that for this data set
the deviations sum to 0. This is true in general. For any set of observations, the
deviations sum to 0.7


We will use the deviations in the calculation of some measures of variability, but
it is the magnitude of the deviations that is important in this context, and not
the sign. A natural choice is to work with the absolute value of the deviations.
The mean absolute deviation (MAD) is the average distance from the mean:8


MAD =


∑
|xi − x̄|
n


7This can be shown algebraically:
∑


(xi − x̄) =
∑
xi −


∑
x̄ = nx̄− nx̄ = 0.


8Some sources define the mean absolute deviation to be the average distance from the median.
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For the sample data above:


MAD =
|44− 38|+ |35− 38|+ |25− 38|+ |48− 38|


4


=
6 + 3 + 13 + 10


4
= 8


The mean absolute deviation is a very reasonable measure of variability, with a
simple interpretation. But it is not used very often in statistics. Its mathematical
properties make it difficult to work with, and there are measures of variability
that have better mathematical properties. So we will use the MAD only sparingly,
and only as a descriptive measure of variability.


The usual measures of variability are based on the squared distance from the
mean. A frequently used measure of dispersion is the sample variance:


s2 =


∑
(xi − x̄)2


n− 1


We can think of the sample variance s2 as the average squared distance from the
mean.


Why divide by n− 1 and not n? This will be discussed in Section 3.3.3.2. For
now, know that using n − 1 in the denominator results in a better estimator
of the true variance of the population than if we were to use n. (The variance
of a population is a parameter whose value is typically unknown. It is usually
represented by σ2.)


An equivalent calculation formula for the sample variance is: s2 =


∑
x2
i −


(
∑
xi)


2


n


n− 1
.


The two formulas are mathematically equivalent (they will always result in the
same value). In the olden days we often used this version of the variance for-
mula, as it helped to reduce round-off error in hand calculations, but it is less
important in the modern era.9


The sample variance involves squared terms, so the units of the sample variance
are the square of the units of the original variable. For example, if we are
measuring the weight of bags of potato chips in grams, then the sample variance
will have units of grams2. To get back to the original units we often use the
square root of the variance. The sample standard deviation is defined to be
9Less important, but it can still be useful to know. Even when a computer is doing the
calculations, the different formulas can give vastly different results in extreme cases due to
round-off error.
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the square root of the sample variance:


s =
√
s2 =


√∑
(xi − x̄)2


n− 1


The notion that the standard deviation is the square root of the variance will
come up frequently, so it is a good idea to commit it to memory.


Consider the simple sample data set given above: 44, 35, 25, 48. The mean of
these values is x̄ = 38. The variance and standard deviation are:


s2 =
(44− 38)2 + (35− 38)2 + (25− 38)2 + (48− 38)2


4− 1
=


314


3
= 104.6667


s =
√


104.6667 = 10.23067


Although it is important to understand the meaning of the variance and standard
deviation, it is strongly recommended that you learn to use software or your
calculator’s pre-programmed functions to calculate them. Using the formulas to
calculate the standard deviation will tend to waste a lot of time and open up the
possibility of making mistakes in the calculations.10


The variance and standard deviation cannot be negative (s2 ≥ 0, s ≥ 0). They
both have a minimum value of 0, and equal exactly 0 only if all observations in
the data set are equal. The larger the variance or standard deviation, the more
variable the data set.


Consider the guinea pig lifetime data of Example 3.3, plotted in Figure 3.15.


The summary statistics given below cannot be calculated precisely from the
plot—they were calculated based on the raw data. However, being able to roughly
estimate quantities such as the mean and standard deviation from a histogram
is a useful skill to have.


The range is 522 days. The mean absolute deviation (MAD) is 91.73 days (the av-
erage distance from the mean is a little over 90). The variance is s2 = 13634.2 days2,
and the standard deviation is s = 116.8 days.


3.3.3.1 Interpreting the standard deviation


The standard deviation is the square root of the variance. In other words, it
is the square root of the average squared distance from the mean. It is not a
10It can be informative to go through the calculations by hand at least once, to get a better
feel for the meaning of the variance and standard deviation.
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Figure 3.15: Lifetime in days of guinea pigs with tuberculosis.


quantity that is easy to fully understand or visualize. The mean absolute devi-
ation has a much simpler interpretation (the average distance from the mean).
But the mathematical properties of the mean absolute deviation are not as nice
as those of the variance and standard deviation, and that becomes important
in statistical inference. There is a relationship between them—it can be shown
that the standard deviation will usually be a little bigger than the mean absolute
deviation.11


To properly interpret the standard deviation, it may be helpful to think of the
empirical rule. (Although it’s called a rule, it’s really more of a rough guide-
line.) The empirical rule states that for mound-shaped distributions:


• Approximately 68% of the observations lie within 1 standard deviation of
the mean.


• Approximately 95% of the observations lie within 2 standard deviations of
the mean.


• All or almost all of the observations lie within 3 standard deviations of the
mean.


The empirical rule is a rough guideline that is based on the normal distribution,
which we will discuss in detail in Section 6.4. The empirical rule is illustrated in
Figure 3.16. Figure 3.17 illustrates two distributions that have some skewness.
The empirical rule does not apply to skewed distributions, but if the skewness is
not very strong we may still think of it as a very rough guideline.


Note that almost all observations will lie within 3 standard deviations of the
11The standard deviation will always be greater than the MAD (unless they are both equal to
0). The ratio s


MAD depends on the distribution of the data, but it will always be greater than
1.
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Figure 3.16: A mound-shaped (“approximately normal”) distribution, with x̄ =
50, s = 10. For the 10,000 observations in this plot, 68.3% lie within 1 standard
deviation of the mean, 95.4% lie within 2 standard deviations of the mean, and
99.7% lie within 3 standard deviations of the mean.
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(a) Weights of 1000 newborn Canadian ba-
bies, where x̄ = 3433 and s = 616. There is a
little left skewness and a number of extreme
values.
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(b) 1000 observations from a right-skewed
distribution. x̄ = 2.0, s = 1.4.


Figure 3.17: Two skewed distributions with lines indicating 1, 2, and 3 standard
deviations from the mean.


mean. An observation that falls outside of that range may be considered an
extreme value (which we might call an outlier, depending on the situation).


An implication of the empirical rule is that for mound-shaped distributions, the
range (maximum − minimum) of the data will often be approximately 4 to 6
standard deviations. This means the standard deviation will often fall in or
close to the interval Range


6 to Range
4 . This is only a rough approximation—the


relationship between the range and standard deviation depends on the shape of
the distribution as well as the sample size.


Chebyshev’s inequality, also known as Chebyshev’s theorem, gives a lower
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bound on the proportion of observations that lie within a certain distance of the
mean. Chebyshev’s inequality states that the proportion of observations that lie
within k standard deviations of the mean must be at least 1 − 1


k2 (for k > 1).
For example, Chebyshev’s inequality tells us that the proportion of observations
that lie within 2 standard deviations of the mean must be at least 1− 1


22 = 0.75.
Table 3.6 gives the Chebyshev inequality lower bound for several values of k.
Note that k need not be an integer.


k 1− 1
k2 Interpretation


1 1− 1
12 = 0 At least 0% of the observations lie within


1 standard deviation of the mean. (Not very helpful!)
1.2 1− 1


1.22 ≈ 0.306 At least 30.6% of the observations lie within
1.2 standard deviations of the mean.


2 1− 1
22 = 0.75 At least 75% of the observations lie within


2 standard deviations of the mean.
3 1− 1


32 ≈ 0.889 At least 88.9% of the observations lie within
3 standard deviations of the mean.


Table 3.6: The Chebyshev inequality lower bound for various values of k.


No data set can possibly violate Chebyshev’s inequality. The empirical rule, on
the other hand, is simply a rough guideline that may be far off the mark for some
distributions. If we know nothing about a distribution other than its mean and
standard deviation, it is much safer to rely on Chebyshev’s inequality than the
empirical rule. But if we know that our distribution is roughly mound-shaped,
the empirical rule is much more helpful.


3.3.3.2 Why divide by n− 1 in the sample variance formula?


We often use the sample mean x̄ to estimate the population mean µ, and we
often use the sample variance s2 to estimate the population variance σ2. (µ and
σ2 are usually unknown quantities.) To estimate σ2, ideally we would use:∑


(xi − µ)2


n


On average, this estimator would equal the population variance σ2. But we do
not know the value of µ, and thus we cannot use it in the formula. So it may seem
reasonable to simply use x̄ in place of µ, which would result in this estimator:∑


(xi − x̄)2


n


But there is a subtle problem here. Of all the possible values we could use
to replace µ in


∑
(xi − µ)2, the choice of x̄ minimizes this quantity. (


∑
(xi −
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x̄)2 would be smaller than if we were to use µ—or any other value—in the
formula.) So


∑
(xi−x̄)2


n tends to underestimate the true value of σ2. It can be
shown mathematically that using n−1 in the denominator properly compensates
for this problem, and the sample variance:


s2 =


∑
(xi − x̄)2


n− 1


is an estimator that, on average, equals the population variance σ2.12


Another perspective on this is the concept of degrees of freedom. Although
a full treatment of the concept of degrees of freedom is beyond the scope of this
text, we can think of the degrees of freedom as the number of independent pieces
of information used to estimate a quantity. The sample data often consists of n
independent observations. When estimating the variance, since we have used the
sample mean to estimate the population mean, we have lost a degree of freedom
and there are only n−1 degrees of freedom remaining. (Once we know the sample
mean and n− 1 of the observations, we know what the nth observation is—it is
not free to vary. From another perspective, once we know n−1 of the deviations
xi − x̄, we know what the nth deviation must be, because the deviations always
sum to 0.)


To illustrate, consider a sample data set consisting of 3 observations: 4, 6, 11.
These 3 observations have a mean of 7 and a variance of:


s2 =
(4− 7)2 + (6− 7)2 + (11− 7)2


3− 1
=


(−3)2 + (−1)2 + 42


3− 1


We started out with 3 degrees of freedom, but using the sample mean in the
formula for the variance imposed a restriction, causing a loss of one degree of
freedom and leaving only two degrees of freedom remaining. Once any 2 of the
3 deviations (−3, −1, 4) are known, we can determine the third because they
must sum to 0.


The concept of degrees of freedom will come up throughout the remainder of the
text. For our purposes it is not essential to completely understand the subtleties
of the concept, but it can be helpful to remember that in most scenarios when
we are estimating a variance, we lose one degree of freedom for each parameter
that has been estimated from the sample data.
12Before this can be shown mathematically, we first need to understand the concepts of random
variables and expectation, which we will discuss later on.
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3.3.4 Measures of Relative Standing


At times an observation’s raw value may not be the most important consideration—
how large or small the value is relative to other observations may be more mean-
ingful. For example, consider a person’s score on standardized tests like the
LSAT or MCAT exams. In these types of test a person’s raw score is not nearly
as meaningful as their score relative to other writers of the test. In this sec-
tion we will look at two common measures of relative standing: z -scores and
percentiles.


3.3.4.1 Z-scores


Every observation has a z-score associated with it. The z-score for the ith ob-
servation in the sample is:


zi =
xi − x̄
s


The z-score measures how many standard deviations the observation is above
or below the mean. Observations that are greater than the mean have positive
z-scores, and observations that are less than the mean have negative z-scores.


If the population parameters µ and σ are known, then:


z =
x− µ
σ


(We will use this version of the z-score later in this text, but for now we will use
the sample z-score.)


Q: In the guinea pig survival data of Example 3.3, x̄ = 241.2 and s = 116.8. One
of the times is 406 days. What is the z-score associated with this value?


A: The z-score corresponding to 406 is z = 406−241.2
116.8 = 1.41. An observation of


406 days is 1.41 standard deviations above the mean. (See Figure 3.18.)


The mean of all z-scores in a data set will always be 0, and the standard deviation
of all z scores in a data set will always be 1.13 To properly interpret z-scores,
it can be helpful to think of the empirical rule, first discussed in Section 3.3.3.1.
For mound-shaped distributions:


• Approximately 68% of z-scores lie between −1 and 1 (approximately 68%
of the observations lie within 1 standard deviation of the mean).


13Z-scores are an example of a linear transformation of a variable, and the effect of a linear
transformation on the mean and standard deviation will be discussed in Section 3.5.
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Figure 3.18: The z-score for 406 is 1.41. (406 days is 1.41 standard deviations
greater than the mean lifetime of 241.2 days.)


• Approximately 95% of z -scores lie between −2 and 2 (approximately 95%
of the observations lie within 2 standard deviations of the mean).


• All or almost all z-scores lie between −3 and 3 (all or almost all of the
observations lie within 3 standard deviations of the mean).


Note that almost all z -scores lie between −3 and 3. (Z-scores can be greater
than 3 or less than −3, if an observation is very large, or very small.)


For a little perspective on z-scores, see Figure 3.19, which illustrates the ap-
proximate distribution of heights of adult American men. This distribution of
heights has a mean of approximately 176.3 cm, and a standard deviation of ap-
proximately 7.6 cm. Also illustrated are the heights and corresponding z-scores
for 3 famous American men of greatly varying heights. Barack Obama is a little
taller than average, with a height of 185 cm, and a corresponding z-score of ap-
proximately 1.1. Shaquille O’Neal, the former NBA great, is 216 cm tall, with a
corresponding z-score of approximately 5.2. This is an extremely large z-score,
indicating Shaq is much taller than the average American male. Danny Devito
is a well known actor who is quite short in stature. Mr. Devito is 152 cm tall,
with a corresponding z-score of approximately −3.2.


3.3.4.2 Percentiles


Percentiles are another measure of relative standing:


The pth percentile is the value of the variable such that p% of the ordered data
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Figure 3.19: The approximate distribution of the heights of American males, in
centimetres. Barack Obama is taller than average, Shaquille O’Neal is extremely
tall, and Danny Devito is very short.


values are at or below this value.14


For a visual example, Barack Obama’s percentile rank in terms of height of adult
American males is illustrated in Figure 3.20.


Note that a percentile is a value of a variable, and it is not a percentage. (A
percentile can take on any value, depending on the variable under discussion,
and it need not lie between 0 and 100.)
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|
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87% of adult males in the U.S. 13% of adult males in the U.S.


Figure 3.20: Barack Obama’s height of 185 cm puts him in the 87th percentile
of heights of adult males in the United States.


Percentiles are often reported in situations where the raw data value is not as
meaningful as how large or small that value is relative to other values in the
distribution. For example, percentiles are often reported for variables like scores
on standardized tests, or weight and length of newborn babies. (A writer of the
Law School Admissions Test would be happy to find out that they scored in the
14This definition is a little loose, but the basic concept is the most important thing for us.
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99th percentile, as this would mean their score was as great or greater than 99%
of test writers.)


The meaning of a percentile is straightforward, but there is a complicating factor
when it comes to actually calculating percentiles for sample data. (Knowing the
basic meaning of a percentile and being able to properly interpret percentiles is
the most important thing for us in this text, so try not to get too bogged down
in the following discussion.) The complicating factor is that the definition of a
percentile does not result in a unique calculation rule. Calculating percentiles for
sample data often boils down to interpolating between two values in the sample,
and there are many ways of going about it. (The statistical software R has
nine methods for calculating percentiles!) The different calculation methods will
often yield slightly different values for the percentiles, but these differences will
not typically be large or meaningful, especially for large data sets.


One rule for calculating percentiles:


1. Order the observations from smallest to largest.
2. Calculate n× p


100 .
3. If n × p


100 is not an integer, round up to the next largest whole number.
The pth percentile is value with that rank in the ordered list.


4. If n× p
100 is an integer, the pth percentile is the average of the values with


ranks n× p
100 and n× p


100 + 1 in the ordered list.


Example 3.5 Using the given rule for calculating percentiles, calculate the 23rd
and 80th percentiles for this sample of 5 observations:


14,−27, 89, 6, 314


First, order the observations from smallest to largest: −27, 6, 14, 89, 314.


For the 23rd percentile, n × p
100 = 5 × 23


100 = 1.15. Since 1.15 is not an integer,
we round up to 2, and choose the 2nd value in the ordered list (6). The 23rd
percentile is 6. (Different methods of calculating percentiles will yield −27, 6,
and a variety of interpolations between those values as the 23rd percentile.)


Using the given rule, what is the 80th percentile?


For the 80th percentile, n× p
100 = 5× 80


100 = 4. Since this is a whole number, the
80th percentile is the average of the 4th and 5th ranked values: 89+314


2 = 201.5.


Quartiles are specific percentiles that are useful descriptive measures of the
distribution of the data. (Quartiles are also used in the construction of boxplots,
which we will use throughout the text.) As the name implies, the quartiles split
the distribution into quarters:
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• The first quartile (Q1) is the 25th percentile.
• The second quartile is the 50th percentile. We don’t usually call the 50th


percentile Q2, as it is known by its more common name, the median.
• The third quartile (Q3) is the 75th percentile.


Consider the histogram in Figure 3.21, which illustrates a simulated data set of
10,000 observations. The quartiles split the distribution into quarters. Q1 has
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Figure 3.21: A histogram and the corresponding quartiles. (The median is rep-
resented by the letter M .)


25% of the observations to the left, the median has 50% of the observations to the
left, and Q3 has 75% of the observations to the left. The values of the quartiles,
calculated from the raw data, are plotted on the histogram. Although we cannot
determine their precise values from a visual inspection of the histogram, we
should be able to come up with reasonable estimates.


The interquartile range (IQR) is the distance between the first and third
quartiles:


IQR = Q3 −Q1


The IQR is a useful descriptive measure of variability, but it is not useful for the
inference procedures that we will use later in this text. The IQR is not as sensitive
to extreme values as the variance and standard deviation, so it may provide a
more meaningful descriptive measure of variability when there are extreme values
present.


The five-number summary is a listing of the five values:


Minimum, Q1, Median, Q3, Maximum


The five-number summary is often illustrated with a boxplot.
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3.4 Boxplots


A boxplot is a different type of plot that illustrates the distribution of a quanti-
tative variable. Figure 3.22 illustrates a boxplot.


2


3


4


5


6


Figure 3.22: A boxplot


Boxplots were introduced very briefly in Chapter 1, but to calculate the values
required for boxplots we first needed to learn about quartiles. Although boxplots
can give some indication of the shape of the distribution, they are not as effective
as histograms for this purpose. Boxplots are very useful for comparing two or
more distributions.


If there are no outliers (extremely large or extremely small observations), then
the boxplot is a plot of the five number summary. If there are outliers, they are
drawn in individually. Specifically, a boxplot is made up of:


• A box extending from Q1 to Q3.
• A line through the box indicating the median.
• Lines (whiskers) extending from the box to the largest and smallest obser-


vations (to a maximum length of 1.5 × IQR). Any observation outside of
these values will be considered an outlier.15


• Outliers are plotted individually outside the whiskers (using lines, dots,
asterisks, or another symbol).


Example 3.6 Find Q1, Q3, and draw a boxplot for the following data.
112 114 120 126 132 141 142 147 189


• The median is the middle value, 132.
15There are other guidelines we could use to determine what observations are called outliers.
For example, we could call observations that are farther than 3 standard deviations from the
mean outliers. But the 1.5× IQR guideline is a reasonable one, and is the method of choice
for boxplots.
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• To calculate the 25th percentile: n× p
100 = 9× 25


100 = 2.25. We round 2.25
up to the next largest integer, and find that the first quartile is the 3rd
ranked value: Q1 = 120.


• To calculate the 75th percentile: n× p
100 = 9× 75


100 = 6.75. We round 6.75
up to the next largest integer, and find that the third quartile is the 7th
ranked value: Q3 = 142.


• IQR = 142− 120 = 22.


Let’s use the 1.5 × IQR guideline to investigate possible outliers in this data
set. Any observation greater than 142 + 1.5 × 22 = 175 is considered to be an
outlier. The value 189 falls into this range. The upper whisker of the boxplot will
stop at the largest observation that is less than 175 (147 in this case), and the
outlier 189 will be drawn in individually. On the low end, 120 − 1.5 × 22 = 87.
No observation in this data set is less than 87. So the whisker will stop at
the smallest observation, 112. An annotated boxplot for this data is given in
Figure 3.23.


120


140


160


180
An outlier (189)


The largest observation that is not an outlier (147)


Q3


Q1


Median


Minimum


Figure 3.23: Annotated boxplot for Example 3.6


As with many types of plot, it is very time-consuming to draw boxplots by hand.
Boxplots are usually plotted using software, and our job is to properly interpret
them.


Example 3.7 Figure 3.24 shows a histogram, boxplot, and stemplot for a sim-
ulated data set that is skewed to the right.


The boxplot shows two large outliers. All three plots show the skewness of the
distribution. Boxplots can give some indication of the shape of the distribution,
but histograms and stemplots usually illustrate the shape more effectively.
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Figure 3.24: Histogram and boxplot.


Stemplot of the simulated data:
The decimal point is at the |


0 | 013444455667777788888
1 | 00001111122223345677888889999
2 | 00001111233355566777888999
3 | 0222222344555556666778899
4 | 0122345567888
5 | 0134467777789
6 | 0334467889
7 | 23688
8 | 2478
9 | 019


10 |
11 |
12 |
13 |
14 | 2


Boxplots are most useful for comparing two or more distributions. Consider
the boxplots in Figure 3.25, which illustrate the asking prices of two-bedroom,
one-bathroom condominiums for sale in Toronto and Vancouver.16 The boxplots
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Figure 3.25: Listing price (in thousands) for random samples of condos in Toronto
and Vancouver.


show that two-bedroom one-bathroom condos in Vancouver tend to be more
expensive than those in Toronto. The Vancouver condos also seem to have a
greater variability in asking price.
16The boxplots represent simple random samples of the asking prices for ten condos in Toronto
and ten condos in Vancouver, drawn from the listings on www.mls.ca on December 18 2011.
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3.5 Linear Transformations


Suppose we wish to convert a set of temperature measurements from Fahrenheit
to Celsius. The relationship between these two measurement scales is:


x∗ =
5


9
(x− 32)


= −160


9
+


5


9
x


where x∗ is the temperature in degrees Celsius, and x is the temperature in
degrees Fahrenheit. This is an example of a linear transformation:


x∗ = a+ bx


where a and b are constants.


Linear transformations are frequently used in statistics, and at times we will need
to understand the effect of these transformations on the summary statistics.


To illustrate the effect of a linear transformation on the summary statistics,
consider the following simple example. Suppose we have a sample data set of the
values 2, 3, 4. For these 3 values, x̄ = 3, s = 1 (verify these values for yourself!)
What happens to the mean and standard deviation if a constant is added to
every value? Suppose we add 4 to each observation, resulting in the new values:
6, 7, 8. For these 3 values, x̄ = 7 and s = 1. If we add a constant to every value
in the data set, the mean increases by that constant, but the standard deviation
does not change. Adding a constant to every value in a data set will not change
any reasonable measure of variability.


What about multiplying by a constant? Suppose we multiply the original 3
values by 4, resulting in the values 8, 12, 16. For these 3 values, x̄ = 12 and
s = 4. Multiplying by 4 has increased both the mean and standard deviation by
a factor of 4. Multiplying by a constant changes both measures of location and
measures of variability. (See Figure 3.26.)


Let’s summarize the specific effects of a linear transformation on the summary
statistics. To obtain the mean of the transformed variable, simply apply the
linear transformation to the mean of the old variable: x̄∗ = a + bx̄. This is
also true of the median: x̃∗ = a + bx̃. (The same relationship holds for other
percentiles as well, provided b ≥ 0.)


But the additive constant a does not affect measures of variability:


sx∗ = |b| sx, IQRx∗ = |b| IQRx, s2
x∗ = b2s2


x
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Original observations
After adding 4


0 5 10 15 20


Original observations
After multiplying by 4


Figure 3.26: Adding a constant changes the location of the observations but not
their variability. Multiplying by a constant changes the location of the observa-
tions and their variability.


Example 3.8 Suppose we have a set of cost measurements in United States
dollars:


$57, $42, $89, $121


These values have a mean of x̄ = 77.25 and standard deviation of s = 35.141.
Suppose we need to add a $12 US shipping cost to each value, then convert
to Canadian dollars. What are the mean and standard deviation of the final
costs in Canadian dollars if the exchange rate is approximately $1 US = $1.04
Cdn? Adding shipping and converting to Canadian dollars, we have the linear
transformation:


x∗ = 1.04(12 + x) = 12.48 + 1.04x


where x is the cost (without shipping) in $ US and x* is the cost in $ Cdn,
including shipping. This is a linear transformation with a = 12.48 and b = 1.04.


The costs in Canadian dollars have a mean of


x̄∗ = a+ bx̄


= 12.48 + 1.04× 77.25


= $92.82


The additive constant does not change the standard deviation, and the costs in
Canadian dollars have a standard deviation of


sx∗ = |b| sx
= 1.04× 35.141


= 36.54664


Example 3.9 What are the mean and standard deviation of all the z-scores in
a sample data set?
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Suppose we have a sample data set of n observations, with mean x̄ and standard
deviation s. If we calculate the z-score for every observation, z = x−x̄


s , then
these n z-scores will have a mean of 0 and a standard deviation of 1. To show
why this is the case, first rewrite the z-score:


z =
x− x̄
s


= − x̄
s


+
1


s
x


This shows that the z-score is a linear transformation of the variable x with
a = − x̄


s and b = 1
s . Using the results discussed above,


z̄ = a+ bx̄


= − x̄
s


+
1


s
x̄


= 0


and


sz = |b|sx


= |1
s
|s


= 1


Z-scores thus have a mean of 0 and a standard deviation of 1.
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3.6 Chapter Summary


In descriptive statistics, plots and numerical summaries are used to describe
a data set.


If the variable of interest is a categorical variable, then we typically want to
display the proportion of observations in each category, using a bar chart or pie
chart.


When variables are categorized, the frequency is the number of observations in
a category. The relative frequency is the proportion of observations in a cat-
egory, and the percent relative frequency is the relative frequency expressed
as a percentage.


To illustrate the distribution of a quantitative (numerical) variable, we need to
illustrate the different numerical values, and how often these values occur. This
is often done using a dot plot, histogram, stemplot, or boxplot. When looking at
a histogram or other plot of a quantitative variable, there are a few important
aspects of the distribution to take note of, such as the centre of the distribution,
the variability of the observations, the shape of the distribution, and whether or
not there are any extreme values (outliers) present.


The mean is the ordinary average: x̄ =


∑
xi
n


. The symbol x̄ (read as “x bar”)
represents the mean of a sample.


The median is the value that falls in the middle when the data are ordered from
smallest to largest.


One measure of dispersion is the mean absolute deviation (MAD), which is
the average distance from the mean. A more important measure of dispersion is
the sample variance: s2 =


∑
(xi−x̄)2


n−1 . We can think of the sample variance s2 as
the average squared distance from the mean.


The sample standard deviation, s, of a data set is the square root of the


variance: s =
√
s2 =


√∑
(xi−x̄)2


n−1


Every observation has a z-score associated with it. The sample z-score: z =
x− x̄
s


measures how many standard deviations the observation is above or below
the mean.


The pth percentile is the value of the variable such that p% of the ordered data
values are at or below this value.
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Quartiles are specific percentiles that are useful descriptive measures of the
distribution of the data. As the name implies, the first quartile (Q1) is the 25th


percentile, the second quartile is the median, and the third quartile (Q3) is the
75th percentile. The interquartile range (IQR) is the distance between the first
and third quartiles: IQR = Q3 −Q1 (it is a descriptive measure of variability).


A linear transformation is of the form: x∗ = a+ bx.


To obtain the mean of the transformed variable, simply apply the linear trans-
formation to the mean of the old variable: x̄∗ = a+ bx̄. This holds true for the
median as well: x̃∗ = a+ bx̃ (and other percentiles, provided b ≥ 0.)


But the additive constant a does not affect the measures of variability: sx∗ =
|b| sx, IQRx∗ = |b| IQRx, s2


x∗ = b2s2
x
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Chapter 3


Descriptive Statistics


J.B.’s strongly suggested exercises: 1, 4, 7, 8, 9, 10, 11, 16, 17, 20, 21, 22, 24, 25, 36, 46,
49


3.1 Introduction


3.2 Plots for Qualitative and Quantitative Variables


3.2.1 Plots for Qualitative Variables


1. (a) Most victims (67%) were acquaintances of the male perpetrator. Slightly less
than one quarter (24%) were the male murderer’s intimate partner. Small
percentages of the victims were family members (4%) or strangers (4%).


(b) Compared to the victims of female murderers, victims of male murderers are
more likely to be acquaintances and less likely to be intimate partners or family
members.


(c) No, of course not. This is sample data, and for sample data there is always
the chance that what we observe is simply due to chance and not a real effect.
Later on, we will conduct a χ2 test on this data, in order to assess how much
evidence there is of a real effect.


(d) The proportions in each category are:
• Acquaintances: 61


91 ≈ .670


• Partners: 22
91 ≈ .242


• Family: 4
91 ≈ .044


• Stranger: 4
91 ≈ .044


11
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These proportions make up the areas of the sections of the pie chart. The pie
chart for this data is illustrated in Figure 3.1.


Acquaintance


Partner


Family
Stranger


Figure 3.1: Relationship to the victim for male murderers in Finland.


3.2.2 Plots for Quantitative Variables


3.3 Numerical Measures


3.3.1 Summation Notation


2. (a) 22 (the third number in the list).


(b)
3∑
i=1


xi = x1 + x2 + x3 = 8 + 14 + 22 = 44.


(c)
∑
xi is shorthand notation for


n∑
i=1


xi.
n∑
i=1


xi = x1 + x2 + x3 + x4 = 8 + 14 +


22 + (−5) = 39.
(d)


∑
x2
i = 82 + 142 + 222 + (−5)2 = 769.


3.3.2 Measures of Central Tendency


3.3.2.1 Mean, Median, and Mode


3. (a) x̄ =


∑
xi
n


=
1 + 5 + 2 + (−3) + 987


5
= 198.4.


(b) When ordered from smallest to largest, the 5 observations are: −3, 1, 2, 5,
987. The median is 2, the middle value.


(c) No observation occurs more often than any other (they all occur once), and so
there is no mode.
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(d) The extreme value is 987. When this value is removed,
∑
xi
n =


1 + 5 + 2 + (−3)


4
=


1.25.
(e) The ordered values are: −3, 1, 2, 5. The median is the average of the two


middle values: 1+2
2 = 1.5.


4. (a) x̄ = 2870+2620+3120+3620
4 = 3057.5.


(b) The ordered values are: 2620, 2870, 3120, 3620. The median is the average of


the two middle values:
2870 + 3120


2
= 2995.


(c) Grams (the same units as the variable).
(d) Grams (the same units as the variable).
(e) Either one is perfectly acceptable, and it’s fine to report both. (There are no


extreme values that might make the mean a misleading measure of centre.)


3.3.2.2 Other Measures of Central Tendency


5. The trimmed mean is not as influenced by extreme values as the untrimmed mean.
This can be advantageous in certain situations, as we don’t want a single value to
have undue influence on our statistics and conclusions. A disadvantage is that the
trimmed mean omits some possibly valuable information.


3.3.3 Measures of Variability


6. (a) 6.5,−3.5,−8.5, 5.5. The deviation for the ith observation is xi − x̄, where
x̄ = 11.5. x1 − x̄ = 18 − 11.5 = 6.5, x2 − x̄ = 8 − 11.5 = −3.5, x3 − x̄ =
3− 11.5 = −8.5, x4 − x̄ = 17− 11.5 = 5.5.


(b) 0. The deviations always sum to 0.


7. (a) Range = Maximum−Minimum = 3620− 2620 = 1000.


(b) MAD =


∑
|xi − x̄|
n


, where x̄ = 3057.5.


MAD =
|2870− 3057.5|+ |2620− 3057.5|+ |3120− 3057.5|+ |3620− 3057.5|


4
MAD = 187.5+437.5+62.5+562.5


4 = 312.5 grams.


(c) s2 =


∑
(xi − x̄)2


n− 1
, where x̄ = 3057.5.


s2 =
(2870− 3057.5)2 + (2620− 3057.5)2 + (3120− 3057.5)2 + (3620− 3057.5)2


4− 1
=


182291.7.


(d) s =
√


182291.7 = 426.9563.
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(e) grams2 (the square of the units of the variable).
(f) grams (the units of the variable).


8. (a) The 4 values must be: 0, 0, 500, 500.
(b) These 4 values have a standard deviation of s = 288.6751.


9. (a) Any 4 values that are equal will work (e.g. 0,0,0,0, or 75, 75, 75, 75).
(b) If the 4 values are equal, s = 0.


10. (a) True. (The standard deviation will be greater than the variance if 0 < s < 1.)
(b) False. (s ≥ 0.)
(c) True. (The mean is a measure of location, but the standard deviation is a


measure of variability. There is no general relationship between them.)
(d) True. (Q3 is a measure of position, but the standard deviation is a measure


of variability. There is no general relationship between them.)
(e) False. (The standard deviation cannot be less than the average distance from


the mean.)


3.3.3.1 Interpreting the standard deviation


11. (a) Yes (the empirical rule would apply), since the distribution is roughly mound-
shaped.


(b) Approximately 68% of the observations would lie within 7.2 of 22.4 (within 1
standard deviation of the mean).


(c) Approximately 95% of the observations would lie within 14.4 of 22.4 (within
2 standard deviations of the mean).


(d) All or almost all of the observations would lie within 21.6 of 22.4 (within
3 standard deviations of the mean). (At most a very small proportion of
observations would fall outside of that range.) For this particular data set, no
observations fall outside of that range of values.


12. (a) Yes, Chebyshev’s theorem would apply. Chebyshev’s theorem applies to every
data set.


(b) Nothing. Chebyshev’s theorem is only informative if k > 1.
(c) At least 75% of the observations would lie within 14.4 of 22.4 (within 2 stan-


dard deviations of the mean).
(d) At least 88.9% of the observations would lie within 21.6 of 22.4 (within 3


standard deviations of the mean).


13. (a) The empirical rule would not officially apply to this data set, since we would
not call this a mound-shaped distribution (it’s skewed to the right). However,
the empirical rule still works pretty well here. For the data given in the plot,
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69.6% of the observations fall within 1 standard deviation of the mean, 95.2%
of the observations fall within 2 standard deviations of the mean, and 99.1%
of the observations fall within 3 standard deviations of the mean. So the
empirical rule can still be informative, even if there is some skewness.


(b) Yes, of course Chebyshev’s theorem would apply, since Chebyshev’s theorem
applies to every data set.


3.3.3.2 Why divide by n− 1 in the sample variance formula?


14. Dividing by n − 1 results in an estimator that, on average, equals the population
variance σ2. If we divided by n, the resulting estimator would tend to be too small.


15. 86. Since we do not know the population mean µ, we will need to estimate it with
x̄, resulting in a loss of 1 degree of freedom. In this type of scenario, the degrees of
freedom are n− 1.


3.3.4 Measures of Relative Standing


3.3.4.1 Z-scores


16. (a) z1 = x1−x̄
s = 2870−3057.5


426.9563 = −0.439. z2 = x2−x̄
s = 2620−3057.5


426.9563 = −1.025.
z3 = x3−x̄


s = 3120−3057.5
426.9563 = 0.146. z4 = x4−x̄


s = 3620−3057.5
426.9563 = 1.317.


(b) 0. The mean of all z scores is always 0.
(c) 1. The standard deviation of all z scores is always 1.
(d) The baby’s weight is very large relative to other babies in the data set. (The


baby’s weight is 4.6 standard deviations greater than the mean.)
(e) The baby’s weight is a just a little small relative to other babies in the data


set. (The baby’s weight is 0.4 standard deviations less than the mean.)


17. (a) True.
(b) True.
(c) False. Todd’s score was better than almost all writers of the test.
(d) True.


3.3.4.2 Percentiles


18. (a) 691. The ordered weights of the 8 boxes of cereal are:


684, 684, 684, 686, 686, 691, 691, 691
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We need to find the 80th percentile. np = 8× 0.80 = 6.4. We round up to the
next largest integer (7), and the 80th percentile is the 7th ranked value (691).


(b) 684. We need to find the 25th percentile. np = 8 × 0.25 = 2. The 25th
percentile is the average of the 2nd and 3rd ranked values: 684+684


2 = 684.


19. 171 cm. (171 is the only plausible value. 143 cm and less are far too small, and
200 cm is far too big.) Fryar et al. (2012) estimate the 90th percentile of women
20 years and over in the United States to be 170.9 cm.


3.4 Boxplots


20. (a) Approximately 35.
(b) Approximately 80.
(c) 4 (Sample A and Sample B each have 2).
(d) A little greater than 20.


21. (a) Approximately 74 mm.
(b) Approximately 66 mm.
(c) The variances of the two distributions appear to be very similar. The distri-


bution for males appears to be shifted higher than that of females. (The males
of this species seem to have a greater tail length on average.)


3.5 Linear Transformations


22. (a) x̄ = 20× (100 + 5) = 2100.
(b) s2 = 202×202 = 160000. (Note that the additive constant (5) does not change


the variance.)
(c) s = 20× 20 = 400.
(d) 20× (90 + 5) = 1900.


23. All of the measures of location or position (mean, median, Q3) would change. None
of the measures of variability (IQR, variance, standard deviation) would change.
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3.6 Chapter Exercises


3.6.1 Basic Calculations


24. (a) x̄ = 41.25.
(b) Median = 30.
(c) s2 = 2471.583.
(d) s = 49.71502.
(e) 109.


25. (a) x̄ = 8.214286.
(b) Median = 8.4. The ordered values are −1.7, 3.1, 8.2, 8.4, 8.8, 9.6, 21.1. The


median is the fourth number in this ordered list.
(c) Q3 = 9.6. By the method given in the text: 7 × 0.75 = 5.25, so we round up


to 6 and choose the 6th value in the ordered list.
(d) IQR = Q3−Q1 = 9.6−3.1 = 6.5. By the method given in the text: 7×0.25 =


1.75, so we round up to 2 and Q1 is the 2nd value in the ordered list. We found
Q3 in 25c.


(e) s2 = 48.7981.
(f) s = 6.985563


(g) Yes, 21.1 is an outlier. (21.1 falls outside of the range Q1−1.5×IQR = −6.65
to Q3 + 1.5× IQR = 19.35.)


26. (a) x̄ = 30.
(b) Median = 25. The ordered list is: 1, 4, 18, 32, 36, 89. Since there are 6 obser-


vations, the median is the average of the 3rd and 4th values in the ordered
list. (Median = 18+32


2 .)
(c) Q1 = 4. By the method in the text: 6× 0.25 = 1.5, so we round up to 2 and


Q1 is the second value in the ordered list.
(d) IQR = Q3 −Q1 = 36− 4 = 32. (Q1 = 4, Q3 = 36.) We found Q1 in 26c. We


can find Q3 using the same approach: 6× 0.75 = 4.5, so we round up to 5 and
Q3 is the fifth value in the ordered list.


(e) s2 = 1036.4.
(f) s = 32.19317.


27. (a) x̄ = 149.2.
(b) Median = 6.
(c) s = 331.5316.
(d) s2 = 109913.2.
(e) If 742 is thrown out: x̄ = 1. Note that the mean has decreased a great deal.
(f) If 742 is thrown out: Median = 1. Note that the median has changed by a
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much smaller amount than the mean.
(g) If 742 is thrown out: s = 11.37248. Note that the standard deviation decreased


a great deal when the outlier was discarded.


28. (a) The values are−1.7,−1.1,−1.1,−1.0,−.7,−.6,−.6,−.3,−.2, 0.0, 0.3, 0.3, 0.3, 0.5, 1.0, 1.1, 1.3, 1.8, 1.9, 2.4.
They result in a mean of x̄ = 0.18.


(b) Median = 0.15.
(c) s2 = 1.264842.
(d) s = 1.124652.
(e) Range = 2.4− (−1.7) = 4.1.


29. (a) Yes, the mean is greater than the median. (The large values in the right tail
affect the mean more than the median.)


(b) Yes, the distribution shows some right skewness (it is stretched out to the
right).


(c) The fifth value in the five-number summary is the maximum. The first value
in the five number summary is the minimum. Max−Min = 5.8− 0.0 = 5.8.


30. (a) The values are−4.9,−4.7,−4.5,−3.9,−3.9,−3.4,−3.1,−3,−1.6, 1.1, 2.1, 2.3, 3.2, 3.4, 3.9.
These result in a mean of x̄ = −1.133333.


(b) Median = −3.
(c) Since we would in effect be multiplying every value by 1


10 , every one of the
listed statistics would change. All but the variance would change by a factor
of 1


10 . The variance would change by a factor of ( 1
10)2 = 1


100 .


3.6.2 Concepts


31. (a) Approximately 12.
(b) Approximately 2.
(c) Approximately 25.
(d) No observations are very extreme.
(e) True. The distribution is approximately symmetric, so the values of the mean


and median would be close.
(f) Boxplot A.


32. (a) Since the deviations must sum to 0 (
∑


(xi − x̄) = 0), the fifth deviation must
be −1.9.


(b) This is impossible to determine; the mean could have been any value.
(c) s = 2.475884. s2 =


∑
(xi−x̄)2


n−1 = (−2.3)2+3.72+1.22+(−0.7)2+(−1.9)2


5−1 = 6.13. s =√
6.13 = 2.475884.
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33. The data set might be 12, 12, 12, 12, 22 or 134, 134, 134, 134, 144, or anything else of
this form. The variance of any data set of this form is the same: s2 = 20.


34. (a) True, the median is definitely less than 4. (It would be close to 1.)
(b) False. The distribution is skewed to the right, and the mean would be greater


than the median.
(c) False. (Very few observations in this data set are greater than 5, but 25% of


the values are greater than Q3.)
(d) True.
(e) False. The distribution is right-skewed.
(f) False. For a right-skewed distribution such as this one, Q3 would lie farther


above the median than Q1 lies below it.
(g) This is debatable. There are some large values that could be considered out-


liers.


35. (a) Boxplot A, as it shows the right-skewness of the histogram.
(b) Boxplot C.
(c) Boxplot B, which has an interquartile range of approximately 1.2.
(d) Boxplot A and Boxplot C contain the same number of outliers.


36. (a) The mean, variance, and standard deviation would change (they would in-
crease). The median would not change, nor would Q1, Q3 or the IQR.


(b) The mean, median, and IQR would not change. The standard deviation and
variance would increase.


37. (a) True. If the standard deviation is 0, all the values in the data set must be
equal. This implies all the values in the 5 number summary are equal.


(b) True, since all the deviations are 0.
(c) True. (The standard deviation and variance are both equal to 0.)
(d) True. (The mean and median are both equal to 0.)
(e) True. In the new data set, there would be 99 values that are equal and 1 that


is bigger. The IQR, minimum, and median would still be 0.


38. s = 0. If the standard deviation of the 4 number data set is 0, that means all values
must equal 50. Since the added value is also 50, then all numbers in the data set
are equal and s = 0.


39. (a) False. The standard deviation can be greater or less than the median—they
are measuring completely different things.


(b) False. The variance is usually greater than the standard deviation, but not if
0 ≤ s2 ≤ 1.


(c) False. The mean can be greater or less than the standard deviation—they are
measuring completely different things.
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(d) True. The standard deviation is a little greater than the average distance from
the mean, which has a maximum of 1 in this case. The standard deviation of
the sample (0, 2) for example, is s = 1.414214.


(e) True. The median is usually less than Q3, but they can be equal if there are re-
peated values in the data set. For example, if the data set is 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 12, 24,
then the median and Q3 will both equal 0.


40. (a) True. It would not be possible in this case for the distribution to the “stretched
out” to the left.


(b) True. The units of the variance are the square of the units of the variable.
(c) False. (By the same logic that tells us that Q1 is not in general exactly half


of the median.)
(d) False. Any of the values in the five-number summary can be negative. (Recall


that the five-number summary is: Minimum, Q1, Median, Q3, Maximum.)
(e) False. Outliers increase both the standard deviation and variance (and some-


times increase them a great deal).


41. (a) False. If the distribution is right-skewed, the mean will be greater than the
median.


(b) False. These two statistics are measuring completely different things. Sym-
metry would not make them equal.


(c) False. All or almost all observations will fall within 5 standard deviations of
the mean.


(d) False.
(e) False. Although values less than Q1 would usually have z-scores that are neg-


ative, it is not impossible for a value less than Q1 to be greater than the mean.
(e.g. consider the data set: −32847193487138947, 1, 1, 2, 3, 3, 8, 48, 52, 113.)


(f) True. If the range is 0, then all values in the data set must be equal. This
implies the variance and IQR will also equal 0.


42. (a) The median will equal 15, regardless of what those 2 values are.
(b) It is impossible to determine the value of the mean.
(c) It is impossible to determine the value of the variance.


43. (a) If we let x represent the original variable, and x∗ represent the transformed
variable, then we need to find a and b where x∗ = a + bx. The standard
deviation changed from 5 to 1, and thus the multiplicative constant must be
either b = 1


5 or b = −1
5 . We can now solve for a in either case. The two possible


transformations that satisfy the conditions are x∗ = 12+ 1
5x and x∗ = 18− 1


5x.
(b) Carrying out the transformation x∗ = 12 + 1


5x, x
∗ = 12 + 1


510 = 14.


44. The possible values are 52 and 352. Three consecutive digits have a sample standard
deviation of 1 (e.g. s = 1 for the values 5, 6, 7). Three values that are increasing by
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100 (e.g. 500, 600, 700) will have a standard deviation of s = 100. So the missing
value could be either 52 or 352. (Verify this on your calculator or computer.)


3.6.3 Applications


45. (a) Just a little under 70.
(b) Somewhere in the high 50s.
(c) Approximately 20.
(d) It is tough to say with any certainty, but there is a touch of left-skewness,


implying the mean would likely be less than the median.
(e) The range is approximately 80. The standard deviation will likely fall some-


where in or close to the interval 80
6 to 80


4 , or somewhere in the neighbourhood
of 13 to 20. (For mound-shaped distributions, the standard deviation often
falls within or close to the interval Range


6 to Range
4 .)


46. (a) The distribution is left skewed, with a clump of outliers at 0.
(b) It would be more meaningful to report the average grade for students that


handed in the assignment, as well as the percentage of students that handed
it in. For example, we might report that 94% of students handed in this
assignment, and those students had an average grade of 20.0 out of 25.


47. (a) x̄ =
Total number of eggs
Total number of scars


=
142 · 1 + 194 · 2 + 9 · 314 · 4


142 + 194 + 9 + 14
= 1.7075.


(b) 2. There are 359 observations, so the median is the 180th ranked value. There
are 142 ones and 194 twos in the data set, so the median must be 2.


(c) s2 =
142(1− 1.7075)2 + 194(2− 1.7075)2 + 9(3− 1.7075)2 + 14(4− 1.7075)2


359− 1
=


0.49243.
s =
√


0.49243 = 0.7017.


48. (a) The distribution is slightly skewed to the left.
(b) The 90th percentile would be a little less than 60 kgf.
(c) There is no legitimate way to estimate this quantity from the given data. It we


were to start playing guessing games, we could guess that the 90th percentile
for adult Germans would likely be less than the 90th percentile of this data
set (since the sample was made up of males of university age).


(d) Both the mean and median would be reasonable measures of central tendency
here. It would be perfectly fine to report either or both.


(e) From the boxplot, the median looks to be approximately 52.5. Since the
distribution has slight left skewness, the mean is likely slightly less than this
quantity. (Based on the raw data used to create these plots: Median = 52.25
and x̄ = 50.91.)
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(f) While the distribution shows slight left skewness, it is roughly mound-shaped,
so the empirical rule provides a bit of guidance. The standard deviation likely
falls in or close to the interval Range


6 to Range
4 . The range is somewhere between


30 and 35 kgf, so let’s estimate the range to be 33. The standard deviation is
likely in or near the interval 33


6 = 5.5 to 33
4 = 8.25. (Based on the raw data


used to create these plots: s = 7.74.)


49. (a) The distribution looks roughly symmetric, with one very large outlier at ap-
proximately 120%.


(b) The outlier looks to be approximately 85 units above the mean of the remain-
ing data. Removing the outlier would result in a decrease in the mean of
approximately 85


23 . The estimated mean without the outlier is approximately
36.6 − 85


23 = 32.90. (If we return to the raw data and remove the outlier,
x̄ = 32.89.)


(c) We should be extremely reluctant to remove a real observation. When possi-
ble, we should check to make sure that an extreme observation was correctly
recorded and was not in error. If the value is correct, then we should never
simply ignore it. We should be more inclined to use measures that are not
as influenced by extreme values (such as reporting the median instead of the
mean). Reporting the results both with and without the outlier is another
option.


(d) It depends on the reason why the machine did not record the break. If it was
simply a random occurrence that had nothing to do with the elongation of
the cord, then this is not a problem. If the reason for the malfunction was
related to the elongation, then this might be a big problem. For example, if
the machine tends to fail to record the break when the elongation percentage
is very large, then ignoring these data points might incorporate very strong
bias (our reported mean and median will be too small).


50. (a) From the boxplot, the median looks to be approximately 27 grams. The plots
do not show any major outliers or skewness, so the mean and median are
likely close in value (27 grams would also be a reasonable estimate of the
mean). (The mean and median of the raw data are both 27.2 grams.)


(b) It depends entirely on how this sample was drawn, but the sample is very
possibly strongly biased. In practice, it is impossible to get a simple random
sample of crayfish from a lake. It is very likely that the method of capturing
the crayfish introduced bias.


51. (a) Since this is just a linear transformation, we can carry out the transformation
on the mean. The new mean is x̄∗ = 47.5975−40


2.54 = 2.991142.
(b) Similarly for the median: 47.12−40


2.54 = 2.803150.
(c) Subtracting 40 will not change the measures of variability, and thus only the


division by 2.54 matters here. sx∗ = 1
2.54 × 1.212878 = 0.477511.
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(d) s2
x∗ = 0.4775112 = 0.2280168.


52. A linear transformation is required: x̄∗ = 2.20(x + 2) = 4.4 + 2.2x. The mean in
pounds is x̄∗ = 4.4 + 2.2× 15.10 = 37.62. The additive constant does not affect the
standard deviation, and the new standard deviation is sx∗ = 2.2× 1.70 = 3.74.
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